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THEORY OF GROUPS 

Lorenzen, P. Ein vereinfachtes Axiomensystem fiir Grup- 
pen. J. Reine Angew. Math. 182, 50 (1940). [MF 2378] 
The author defines an abstract group by postulates on 

a division operation a/b=ab~. This has been done at least 
twice before, by Morgan Ward [Trans. Amer. Math. Soc. 
32, 520-526 (1930) ] and by H. Boggs and G. Y. Rainich 
[Bull. Amer. Math. Soc. 43, 81-84 (1937)], though not 
quite so briefly as in this paper. M. Halil. 

Miller, G. A. Subgroups of the groups whose orders are 
below thirty. Proc. Nat. Acad. Sci. U. S. A. 26, 500-502 
(1940). [MF 2637] 
The author lists the number of subgroups of each of the 

77 distinct abstract groups of composite order less than 30. 
It is first noted that the total number of subgroups of a 
non-prime-power abelian group is the product of the corre- 
sponding totals for each of its Sylow subgroups. 

J. S. Frame (Providence, R. I.). 

Segal, Irving E. The automorphisms of the symmet- 
ric group. Bull. Amer. Math. Soc. 46, 565 (1940). 
[MF 2431] 
A simple proof of the theorem that the group of auto- 

morphisms of the symmetric group S, on m letters is iso- 
morphic with S,, except when n=6. The exceptional case is 
not considered. G. de B. Robinson (Toronto, Ont.). 

Zito, Ciro. Il gruppo totale di matrici e i suoi sottogruppi 
fondamentali. Atti Accad. Peloritana 41, 9-20 (1939). 
[MF 1322] 
Let G be the symmetric permutation group of degree n. 

A fundamental subgroup M is any subgroup which appears 
as the normalizer of an element S of G. The group G can 
be considered as a group of linear transformations in an 
n-dimensional space. The properties of the matrices corre- 
sponding to elements of M are studied. R. Brauer. 

Zito, Ciro. Sottospazi invarianti creati, nello spazio ad n 
dimensioni, da Gs e sua rappresentazione. Atti Accad. 
Peloritana 41, 21-26 (1939). [MF 1323] 
The fundamental subgroups M of the symmetric group of 

.. degree m (cf. the preceding review] can be interpreted as 
groups of linear transformations in an n-dimensional space. 
There exist certain invariant subspaces. The corresponding 
breaking up of Mis given. R. Brauer (Toronto, Ont.). 

Zappa, Guido. Remark on a recent paper of O. Ore. 
Duke Math. J. 6, 511-512 (1940). [MF 2334] 
If every subgroup of the finite group G possesses sub- 

groups of every possible order, then the author proves the 
same to be true for every quotient group of G. 

R. Baer (Urbana, IIl.). 

Turkin, W. K. et Dubuque, P. E. Sur la structure des 
groupes simples. Rec. Math. [Mat. Sbornik] N.S. 5 
(47), 329-342 (1939). (Russian. French summary) 

[MF 2304] 
Let a group @ of order p*n (p an odd prime not dividing 

n) contain an abelian subgroup $ of order p*, and let A be 
an element of $ of order p* such that each element of $ 

conjugate to A* is of the form A™*, m=1 (mod p). Then if 
the order of the normalizer of the element A”™ is not 
divisible by p*+*, the group @ contains an invariant sub- 
group whose order is divisible by m. With the further con- 
dition that A*™ be not conjugate to its inverse, a similar 
theorem is proved for the prime ~=2. These theorems are 
generalizations of earlier theorems of Turkin, Dubuque and 
Burnside. J. S. Frame (Providence, R. L.). 

Fouxe-Rabinovitch, D. I. On the determinators of an 
operator of the free group. Rec. Math. [Mat. Sbornik ] 
N.S. 7 (49), 197-208 (1940). (English. Russian sum- 
mary) [MF 2286] 
If an element W of a free group G with a finite number of 

generators is written as Gi"Gy--- Gm --- Gp ---+ Gie, 

where the a;; are integers, the author defines the determi- 
nators (for i;~%%+1) 

4 
n..«(W)= © (-1) 

Iu, +++, 5g=1 

os... dels 
lalate ‘eteasy° Oy, 

where e#/#t!=0 or 1 according as ay, precedes a,,.y,,, in 
W or not. He proves that x does not depend on the particu- 
lar representation of the element W. After developing cer- 
tain formal properties he shows that when all the deter- 
minators of order not greater than 2r—1 vanish, W is the 

identity element. This is used to prove the known results 
that the intersection of the groups in the lower central 
series of G (G;=G, G:= the commutator [G, G], G:=[G:2, G], 
etc.) is the identity and that G is not isomorphic to any 
non-trivial factor group. Extensions of these theorems to 
free products of abelian groups are obtained by the same 
methods. N. Jacobson (Chapel Hill, N. C.). 

Baer, Reinhold. Nilpotent groups and their generaliza- 
tions. Trans. Amer. Math. Soc. 47, 393-434 (1940). 

[MF 2159] 
A nilpotent group G of finite order has the following three 

properties: (1) G is swept out by its ascending central 
chain; (2) the group G is a direct product of »-groups; 
(3) if 7, S are two subgroups of G, S>T, such that no 
subgroup lies between S and 7, then T is normal in S. 
Each of these properties can be used for the definition of 
nilpotent groups in the case of finite order. The general 
purpose of the paper is the investigation of the mutual 
relationship between these properties if the assumption is 
dropped that G is of finite order. The central chain in (1) 
then is to be taken as a finite or transfinite chain, and a 
group of infinite order is a p-group if the order of every 
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element is a power of p. Further, a number of other char- 
acteristic properties of nilpotent finite groups are studied 
in a similar manner. A great number of results are obtained, 
of which the following may be mentioned. A group G satis- 

fies condition (1) if and only if it is soluble and satisfies 

condition (3). Here, a group G is termed soluble if there 
exists an ascending chain B; of subgroups for ordinals 7 such 

that (a) B,=1, B;=G for some ordinal 7; (b) B; is a normal 

subgroup of G; (c) for limit-ordinals k, the group B; con- 

sists of the elements contained in groups B; with i<k; 

(d) Bi,:/B,; is abelian of finite rank. Similarly, G is said to 

be metacyclic if there exists a chain B; satisfying (a) and 
(c) such that B; is normal in B,,; and B;,,/B; abelian. 

A group without elements of infinite order satisfies con- 

dition (1) if and only if it is the direct product of soluble 
p-groups. For metacyclic groups without elements of infinite 
order, the conditions (2) and (3) are equivalent, but do not 
imply (1). From condition (1) it follows that the elements of 
finite order in G form a subgroup which is a direct product 
of p-groups. Finally, the following condition is considered 
which is stronger than (3). Condition (3’): If 7 ¢S are two 

subgroups of G such that there exists at most one subgroup 
between T and S, then T is normal in S. If G has no ele- 
ments of infinite order, or if G satisfies (1), then (3’) is true 

if and only if G is abelian or hamiltonian. R. Brauer. 

Baer, Reinhold. Sylow theorems for infinite groups. 
Duke Math. J. 6, 598-614 (1940). [MF 2717] 

The purpose of the paper is to extend certain theorems, 
which are well known for groups of finite order, to groups of 

infinite order, subject to suitable assumptions. If p is a 
rational prime, then a group P is a p-group if the order of 
every element is a power of p. A subgroup P of a group G 
is said to be a p-component if P is a p-group which is not 
a proper subgroup of a p-group contained in G. Dietzmann, 
Kurosch and Uzkow [Rec. Math. [Mat. Sbornik] N.S. 
3 (45), 179-184 (1938) | have proved that, if a p-component 
P of G possesses only a finite number of conjugates, then 

any two p-components are conjugate, and the number of 

p-components is =1 (mod p). The author gives a new proof, 
and derives several corollaries. Further, he gives necessary 

and sufficient conditions that a group G be a direct product 

of p-groups. For the further investigation, the group G is 
assumed to be locally finite; this is to mean that every 

finite subset is contained in a finite and normal subgroup. 

An automorphism g of G is said to be a normal automor- 
phism if every normal subgroup S of G is mapped upon 
S by g. If Rand S are any two p-components of the locally 
finite group G, then there exists a normal automorphism of 
G which maps R upon S. If, moreover, G is countable, and 

the number of p-components is infinite, then there exist 
2% »-components of G. The subgroups S, of G are said to 
constitute a Sylow basis of G if (a) S, is a p-component of 
G; (8) Gis generated by the S,; (y) the order of the elements 

of the subgroup generated by S»,, +++, Sp, are integers which 

do not contain prime factors different from 1, ---, px. 

P. Hall [Proc. London Math. Soc. (2) 43, 316-323 (1937) ] 

proved that in the case of a finite group G such a Sylow 
basis exists if and only if G is soluble; and then any two 
Sylow bases of G are conjugate. Without restriction con- 
cerning the order, the author proves the following theorem : 
If there exists a Sylow basis of G which possesses but a 
finite number of different conjugate Sylow bases in G, then 
any two Sylow bases are conjugate in G. If G is a locally 
finite group, then G possesses a Sylow basis if and only if 

every finite and normal subgroup of G is soluble. If G is 
countable and locally finite, and possesses an infinity of 
Sylow-bases, then there exist 2*° Sylow bases. 

R. Brauer (Toronto, Ont.). 

Kurosch, Alexander. Einige Bemerkungen zur Theorie 
der unendlichen Gruppen. Rec. Math. [Mat. Sbornik] 
N.S. 5 (47), 347-354 (1939). (Russian. German 
summary [MF 2306] 
The first paragraph gives a construction for an infinite 

p-group having no central. It is generated by cycles a, of 
length p*, n=1, 2,3, ---, where a,=(1, 2, ---, »), and where 

the cycle @,+: is obtained from a, by inserting after each of 

the p* numbers a; in a, the —1 numbers a;+p", aj+2p", 

-, a:+(p—1)p*. The second paragraph gives a construc- 
tion for a primary abelian group G having the power of the 
continuum, and having no elements of infinite order, yet 
not reducible to a direct sum of cyclic groups. The required 
group is the union of an increasing sequence of groups G,, 
the elements of which are sequences of nm positive residues 
(mod p"), combined by addition (mod p*), and such that 
the rth residue is divisible by »*’. The third paragraph 
proves that 2®« is the power of the set of all non-isomorphic 
groups whose power is Na. J. S. Frame. 

Liapin, E. Some properties of decompositions of Abe- 
lian groups without torsion in direct sums. Doklady 

Akad. Nauk SSSR (N.S.) 24, 8-10 (1939). (Russian) 
[MF 1967] 

Liapin, E. Decomposition of denumerable Abelian groups 

without torsion into direct sums of groups of first 
rank. Doklady Akad. Nauk SSSR (N.S.) 24, 11-13 

. (1939). (Russian) [MF 1968] 
The author considers any denumerable abelian group G 

without elements of finite order. If »X =G, where 7 is an 

integer and X and G are elements of G, G is said to be 

divisible by n. The set of all integers each dividing at least 
one element of a coset 2% ¢@ is called the characteristic of 
W% and written x(%). The characteristic of a coset (in par- 
ticular of an element) has the property that with any integer 
it contains all its factors and with any two integers their 
least common multiple. Two characteristics x(M) and x(B) 
are equivalent, x(2)~x(%), if there exist integers m and n 
such that x(m%)=x(n%). Using these notions the author 

gives necessary and sufficient conditions: (1) that G@ can be 
decomposed into a direct sum with a given subgroup § as 
one component, (2) that G can be decomposed into a direct 

sum of groups of rank 1, (3) that G can be decomposed into 
a direct sum of groups of rank 1 with a given element X 
belonging to one of the components. C. H. Dowker. 

Grosheff, V. I. On the number of elements of a group, 

powers of which belong to an arbitrary set of elements. 
Doklady Akad. Nauk SSSR (N.S.) 24, 14-17 (1939). 
(Russian) [MF 1969] 
The main result of this paper is the following generaliza- 

tion of a result of L. Weisner [Bull. Amer. Math. Soc. 31, 
492-496 (1925) ]: Let It be an arbitrary set of elements of 
a group @ and ¥t the normalizer of Pt. Let m be the I.c.m. 
of the orders of the elements of Dt and m the order of J. 
Then the number of elements of G having a power in J 
is a multiple of the greatest divisor of m which is prime to m. 
With these methods the author also extends work of P. E. 
Dubuque. H. Wallman (Chapel Hill, N. C.). 
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¥ Littlewood, Dudley E. The Theory of Group Characters 
and Matrix Representations of Groups. Oxford Univer- 
sity Press, New York, 1940. viii+292 pp. $5.50. 
It is the purpose of the book to give a simple account of 

the theory of group characters, not so much trying to give 
an exhaustive treatment of the subject, as rather concen- 

trating on those parts of the theory in which the personal 
interest of the author lies. 

The book commences with three preliminary chapters on 
matrices, on algebras and on groups, and here the reader 
will find all those results which are needed in the later 
parts of the book, so that no specialized knowledge is re- 
quired. The underlying field is always taken as the field of 
complex numbers, and, for instance, the canonical form of 

a matrix is derived, unitary and orthogonal matrices are 
studied and the structure theorems of semi-simple algebras 
are proved. The theory of algebras then is applied in chap- 
ter IV to the investigation of the group ring (here denoted 
as the Frobenius algebra) belonging to a group H of finite 

order. Combining these results with I. Schur’s methods, the 

main properties of the representations of H and their char- 
acters are obtained. In the fifth chapter, the characters of 

the symmetric group are determined and the properties of 
the Young tableaux are derived. The next chapters deal 
with immanants and S-functions. The immanants are func- 
tions of the n’* coefficients of a square matrix (a,:) which are 
obtained from the determinant D when the factors +1, with 

which the m! terms @j42 --+ @,, appear in D, are replaced 
by any character of the symmetric group. The S-functions 
are symmetric functions of m variables a, ae, ---, a». If 

(Ai, Az, ***, An) is a system of integers with \,;=A.=--- 

=i,=0, they can be defined as the quotient of the two 
alternants 

{Xa, Ae, «++, Anf = last! /las*|, 

where s is the row-index and / the column index in the two 
determinants. Such quotients were first studied by Jacobi, 
and later by Naegelsbach, Kostka and others. I. Schur in 
his thesis [ Berlin, 1901] obtained these expressions as the 
characters of the integral rational representations of the full 
linear group, and this is the reason that the author denoted 
these expressions as Schur-functions or S-functions. A great 
number of properties of S-functions are given, for instance 
different expressions for them, a multiplication formula, 

generating functions, applications to the theory of symmet- 
ric functions, their values for special cases. 

Theoretically, Frobenius’s formula is sufficient for the 
computation of the characters of the symmetric group S,, 
of degree m. However, except when m is small, the actual 

computation according to the formula is complicated. In 
the eighth chapter, simpler methods of computation are dis- 
cussed. From Littlewood’s point of view, the characters of 
S» are of special importance. Every group of finite order can 
be considered as a subgroup of S,,. When we have methods 
to set up all the subgroups G of a group H whose characters 
are known, and to derive the group characters of G from 
those of H, then the most general group G of finite order 
seems to be within our reach. However, the difficulties of 
actual computation become unsurmountable for large values 
of m, and the value of the method seems to be limited. The 

following chapter attacks the following general question 
which arises in this connection: Given a group G and its 
table of characters, find the subgroups H of G and their 
characters. To H there corresponds a permutation repre- 
sentation of G and hence a compound character # of G. It 
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seems natural to ask which compound characters of G can 
be obtained in this manner. A number of necessary condi- 
tions are given. Here, the reviewer can not share the author’s 

belief that these conditions form an evidence for the exis- 
tence of the subgroup H. The third of Littlewood’s condi- 
tions is incorrect [p. 156]. If the conditions are satisfied, 
then in many cases the table of the characters of G can be 
found. The rémaining parts of the ninth chapter show how 
properties of a group can be derived from the table of 
characters, for instance the existence of invariant subgroups, 
properties of transitivity of the corresponding permutation 
groups, automorphisms of the group, etc. In the last two 
chapters, the representations of some of the most important 
continuous groups are treated, the full linear and the unitary 
group, the orthogonal groups, including some applicatic .s 
to invariant theory and an investigation of the spin r »: ~ 
sentations of the orthogonal groups. In most of the original 
memoirs, the principal interest was directed toward the 
representations, and the characters appeared as a tool. 
Littlewood is also interested in the characters of the groups 
mentioned for their own sake, and derives a number of new 

properties of these expressions. In an appendix, the char- 
acters of the symmetric groups S,,, for m=10, and their 
transitive subgroups are given. R. Brauer. 

Kondé, Kéiti. Wher die Zerlegung der Charaktere der 
alternierenden Gruppe. Proc. Imp. Acad. Tokyo 16, 
131-135 (1940). [MF 2369] 
From the well-known relationship between the characters 

of the alternating group %, and those of the symmetric 
group ©,, and the further relationship between the char- 
acters of S, and S,_1, the author deduces the relationship 
between the characters of W, and ,_1. 

G. de B. Robinson (Toronto, Ont.). 

Kondé, Kéiti. Table of characters of the symmetric group 
of degree 14. Proc. Phys.-Math. Soc. Japan (3) 22, 
585-593 (1940). [MF 2698] 
Tables of characters for the symmetric groups of degrees 

up to and including 13 have been given by D. E. Littlewood 
and M. Zia-ud-Din. The author calculates the table of 
characters for degree 14, referring to an unpublished paper 
by Nakayama. G. de B. Robinson (Toronto, Ont.). 

Tazawa, Masatada. Uber die isomorphe Darstellung der 
endlichen Gruppe. T6hoku Math. J. 47, 87-93 (1940). 
[MF 2626] 
The problem solved in this note is the characterization of 

those finite groups which admit of an isomorphic (true) 
representation that has exactly m irreducible components. 
If the group under consideration is in particular a p-group, 
then the results obtained may be reduced to the following 
simple statement : If p* is the order of the subgroup gener- 
ated by all the minimal normal subgroups, then there exists 
at least one isomorphic representation with m irreducible 
components and there does not exist any isomorphic rep- 
resentation with less than m irreducible components. 

R. Baer (Urbana, IIl.). 

Kontorowitch, P. Sur la représentation d’un groupe fini 
sous la forme d’une somme directe de sous-groupes. I. 
Rec. Math. [Mat. Sbornik] N.S. 5 (47), 289-296 (1939). 
(Russian. French summary) [MF 2299] 
A finite group G is called a direct sum of subgroups 

G=A,+A:2+:---++A, if every element of G belongs to some 



4 

A,, and if each two subgroups A;, A; have only the identity 
element in common. Such a group is called decomposable. 
It is completely decomposable if the subgroups A; are all 
cyclic. A maximum cyclic subgroup is one which is not 
contained in any other cyclic subgroup. Using these defini- 
tions the author proves the following theorems. (A) A group 
G with a non-cyclic central or with a maximum cyclic cen- 
tral may be completely decomposed if and only if it is a 
p-group all of whose elements (except 1) are of order p. 

(B) A group G with a central Z which is cyclic but not 

maximum cyclic may be completely decomposed if and 
only if Z is of order p and is contained in an invariant sub- 
group F of G which is maximum cyclic. In this case all 
elements of G—F are of order p. (C) A group G whose cen- 
tral is 1 may be completely decomposed if and only if all of 
its subgroups are completely decomposable. 

J. S. Frame (Providence, R. I.). 

Kontorovitch, P. Sur la représentation d’un groupe fini 
sous la forme d’une somme directe de sous-groupes. II. 
Rec. Math. [Mat. Sbornik] N.S. 7 (49), 27-33 (1940). 
(Russian. French summary) [MF 2278] 
For the definition of the terms decomposable and com- 

pletely decomposable cf. the preceding review. By a p-group 
of type ~ is meant a group all of whose elements except 

identity are of order p. By the term z-group is meant a 
group which is not itself completely decomposable but whose 
subgroups all are, and by the term M-group is meant a non- 

commutative group all of whose subgroups are cyclic. 
Using these definitions the author proves the following 

theorems: (1) The direct product G=AXB of two com- 
pletely decomposable groups A and B is completely decom- 
posable if and only if either (1) G is cyclic, or (2) Gis a 
p-group of type p, or (3) one of the factors, say B, is cyclic 
of order » and the other factor A is of the form A=FP,, 
F being the maximum cyclic subgroup of A and having its 

order prime to ~, and P,4 being the Sylow subgroup of A 
of type p. (2) A completely decomposable group is soluble 
if its central differs from unity. (3) The central Z of a non- 

commutative z-group is cyclic, but is not the maximum 
cyclic subgroup of G. (4) An M-group is a 2-group if its 
central is not unity. (5) A non-commutative z-group is an 
M-group if its central is composite. J. S. Frame. 

Diederichsen, Fritz-Erdmann. Uber die Ausreduktion 

ganzzahliger Gruppendarstellungen bei arithmetischer 
Aquivalenz. Abh. Math. Sem. Hansischen Univ. 13, 

357-412 (1940). [MF 2391] 
Let R be a field and 0 a principal ideal ring with R as its 

quotient field. Let G be a group. The author considers rep- 

resentations D of @ with coefficients in 0. Two such repre- 
sentations D and D, are o-similar if D;= 7—"*DT, where T 
is a matrix with coefficients in 0 whose determinant is a 
unit. If T can be chosen such that D, splits into more than 

one constituent, then D is o-reducible. If D is R-reducible, 

then it is 0-reducible [cf. H. Zassenhaus, Abh. Math. Sem. 
Hansischen Univ. 12, 276-288 (1938) ]. Furthermore, if D 

is completely reducible in R, then it is 0-similar to a repre- 
sentation of the form 

i * 

(*) ° ’ 

ry 

where each I’; breaks up into constituents which are R-irre- 
ducible; all the constituents of I; are R-similar, whereas no 
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constituent of T';, 7%, is R-similar to a constituent of T,. 
In order to decide whether two representations D and D, of © 
@ are 0-similar, both representations can be assumed to be 
in this kind of normal form. If :=7—DT such that T, 
when broken up in the same manner as (*), has unit matrices 

in its main diagonal and zero matrices below the main 
diagonal, then D and D, are said to be o-similar [‘cf. Zassen- 
haus, I.c.]. The author gives a method of deciding whether 
two representations are o-similar, provided that @ has a 
finite order which is not divisible by the characteristic of R, 
and that for every a0 in 0 the number of residue classes 
in 0 (mod a) is finite. Assume first that f=2. The decision 
obviously depends on linear equations with coefficients in 0, 
and can, therefore, be answered by means of elementary 
divisors, even if not all the assumptions above are satisfied. 

In the case f>2, a reduction to the case f=2 is obtained. 
The number of classes of o-similar representations with fixed 
T;, ---, Ty is finite. Special attention is given to the case 

that © is a cyclic group, and here more explicit results are 
derived. If G is of prime order, and 0 the ring of the rational 
integers, a system of representatives for all the classes of 
0-similar indecomposable representations is set up; the num- 
ber of these classes is finite. However, the corresponding 
number of classes for the cyclic group of order 4 is infinite. 

R. Brauer (Toronto, Ont.). 

Clifford, A. H. Partially ordered abelian groups. 
Math. (2) 41, 465-473 (1940). [MF 2547] 
Let S be a commutative semi-group with unit, and let 

a|b mean that a divides b. Or let F be a field, J a domain 
of “integers” in F, and let a=b mean that ax=b for some 

xeJ. Either definition yields a quasi-ordered commutative 
semi-group with the composition property of E. H. Moore 
and H. L. Smith, which becomes partially ordered if one 
identifies ‘‘associate’”’ elements (such that a|b and b{a). 
Such systems have been discussed by Arnold [Rec. Math. 
[Mat. Sbornik] 36, 401-407 (1929) ], Krull [Idealtheorie, 
Ergebnisse der Math. 4; (1935) ] and Lorenzen [ Math. Z. 
45, 533-553 (1939); these Rev. 1, 101]. The latter have 
“completed” such systems by introducing suitable ideals, 
and embedded them in direct sums of simply ordered groups 
(thereby obtaining analogues of the prime factor theorem). 
The author points out that since a|b implies ac| be for all c¢, 
such systems are practically partially ordered abelian groups 
(““Moduln”) in the sense of Freudenthal [Nederl. Akad. 
Wetensch., Proc. 39, 641-651 (1936) ] and Kantorovitch 

[Rec. Math. [Mat. Sbornik] N.S. 2 (44), 121-165 (1937) ]. 
Thus lattice theory affords a common denominator to both 
theories, and enables one to infer effortlessly, from known 
results of each theory, new results in the other. In particu- 
lar, the “complete integral closure” of Krull is a special 
case of the completion by cuts of an arbitrary partially 
ordered set, due to MacNeille. G. Birkhoff. 

Ann. of 

Baer, Reinhold. Nets and groups. II. Trans. Amer. 
Math. Soc. 47, 435-439 (1940). [MF 2160] 
The first paper appeared in Trans. Amer. Math. Soc. 46, 

110-141 (1939); cf. these Rev. 1, 6. The postulate stating 
the equivalence of (xy)z=1 and x(yz)=1 in a division sys- 
tem is investigated in relation to (a) other postulates of 
similar character; (b) the group-theoretic representation of 
the division system; (c) combinatorial properties of nets, 
or rather of the figures consisting of a net and one of its 
points. M. A. Zorn (Los Angeles, Calif.). 
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Shiffman, Max. The ring of automorphisms of an Abelian 
group. Duke Math. J. 6, 579-597 (1940). [MF 2716] 
The first part of this paper consists of a simplified treat- 

ment of the theory of fully-characteristic subgroups of a 
primary Abelian group without elements of infinite height; 
a subgroup is termed fully-characteristic if it is mapped 
into itself by all the (proper and improper) automorphisms 
of the group. The procedure is based on the characterization 
of the smallest fully-characteristic subgroup which contains 
a given element and leads to such new results as the fact 
that the system of all fully-characteristic subgroups is self- 
dual and distributive. In the second part this theory is con- 
nected with the theory of (two-sided) ideals in the ring of 
automorphisms of the group. If F is a fully-characteristic 
subgroup of the given group P, then let R(F) be the set of 
all automorphisms of P which map F upon the unit-element 
and L(F) the set of those automorphisms of P which map P 

into F. Then L(F) and R(F) are two-sided ideals such that 

L(F)R(F) =0 and L(F)(R(P)) isa greatest ideal annihilating 
some given ideal from the left (right). Conversely it holds 
true that each ideal with these properties belongs to one 
and only one fully-characteristic subgroup of P so that a 
complete Galois-correspondence is obtained between the 
fully-characteristic subgroups and these distinguished ideals. 

R. Baer (Urbana, IIl.). 

Higman, Graham. The units of group-rings. Proc. Lon- 
don Math. Soc. (2) 46, 231-248 (1940). [MF 2358] 
The author denotes by R(G, K) the group ring of a group 

G over a ring K. If 7 is a unit of G and e any element of G, 

then ne is a unit of R which the author calls a trivial unit. 

Take K as the ring C of rational integers. If the elements of 
G are all of finite order then R(G, C) has non-trivial units 
save in the following cases: (a) G is an abelian group the 
orders of whose elements all divide four; (b) G is an abelian 

group the orders of whose elements all divide six; (c) G is 

the direct product of a quaternion group and an abelian 
group of elements of order two. If both G and every proper 
subgroup of G have non-vanishing homomorphisms on the 
additive group of rational integers (for example, free 
groups), G is called indicable throughout and R(G, C) has 
only trivial units. If G is indicable throughout and K has 
no zero divisors, then R(G, K) has no zero divisors. Appli- 
cation is made to elementary transformations of matrices 
with elements in R(G, C) and it is stated that these results 
are applicable to the study of the topology of polyhedra. 

M. Hall (New Haven, Conn.). 

Kodaira, Kunihiko und Abe, Makoto. Uber zusammen- 
haingende kompakte abelsche Gruppen. Proc. Imp. 
Acad. Tokyo 16, 167-172 (1940). [MF 2500] 
Let G, G’ be connected separable compact abelian groups 

and let R be the circle group. It is shown that (1) @ is 
topologically isomorphic to its one-dimensional Betti group 
Bg" over 8; (2) every homotopy class of mappings of © in 
@’ contains just one homomorphic mapping; (3) the ho- 
motopy classes of mappings of a compactum F in © are 
completely determined by the induced mappings of Bg'(F) 
in Bg'(G) ; (4) if dim G=n, G is topologically embeddable 
in Euclidean (n+ 1)-space only if it is toral. 

P. A. Smith (New York, N. Y.). 

Tschernikow, S. Uber unendliche lokal auflésbare Grup- 
pen. Rec. Math. [Mat. Sbornik] N.S. 7 (49), 35-64 
(1940). (Russian. German summary) [MF 2279] 
A periodic group is one whose elements have finite order. 

A group is “‘locally finite” if every finite subset of its ele- 

ments generates a finite subgroup. The question whether 
the class of periodic groups and the class of locally finite 
groups are equivalent is unanswered. The author investi- 
gates locally finite groups which are locally solvable, that is, 
those groups each of whose finite subgroups is solvable. It is 
shown that the class of locally solvable groups contains the 
class of solvable periodic groups which may be characterized 
as those locally solvable groups the “height” of each of 
whose finite subgroups is less than some finite number. 
A group is said to satisfy the “minimal” condition if every 
decreasing sequence of subgroups ends, after a finite number 
of steps, with the identity ; among other theorems it is shown 
that a locally solvable group, satisfying the minimal con- 
dition, is solvable. M.S. Knebelman (Pullman, Wash.). 

Potron, J. Sur la décomposition d’un groupe continu fini. 
J. Math. Pures Appl. 19, 143-161 (1940). [MF 2347] 
If G is an infinitesimal group, and T its maximal inte- 

grable invariant subgroup, then G contains a subgroup 
which is isomorphic to the factor group G/T’. This theorem 
was first proved by E. E. Levi [Atti Accad. Sci. Torino 40, 
3-17 (1905) ]. More recently, J. H. C. Whitehead [Proc. 
Cambridge Philos. Soc. 32, 229-237 (1936) ] gave a new 
proof and extended the theorem to the case of infinitesimal 
groups over the field of real numbers. In his proof White- 
head made use of the theory of linear representations. The 
author shows that Whitehead’s proof can be modified in 
such a manner that only E. Cartan’s theory of structure of 
infinitesimal groups is needed. R. Brauer. 

Gantmacher, Felix. On the classification of real simple Lie 

groups. Rec. Math. [Mat. Sbornik] N.S. 5 (47), 217- 
250 (1939). (English. Russian summary) [MF 2296] 
A real infinitesimal Lie group §: (real parameters and 

structure constants) will give rise to a complex group § if 
the parameters are allowed to assume arbitrary complex 
values. 9; is called a real form of R. A given complex group 
may have several non-isomorphic real forms and the prob- 
lem of finding all simple real groups reduces to that of 
finding all different real forms having a given simple com- 
plex structure. To find all real forms of a given semi-simple 
complex group it is sufficient, by a theorem of Cartan, to 
choose a compact real form (which a complex semi-simple 
group always possesses) and then to determine all those 
automorphisms S of the compact form which are of period 
two. The automorphisms S have a canonical representation 
in terms of certain chief automorphisms of period two and 
the determination of the latter is thus the key to the classi- 
fication problem for real simple groups. This problem was 
first solved by Cartan [Ann. Ecole Norm. 31, 263-355 
(1914) ] by operating on the different complex groups with 
specific devices. Later attacks on the problem based on the 
automorphisms S could not readily achieve complete results 
because the only known canonical representations were for 
inner automorphisms, that is, those belonging to the adjoint 
group. In a recent paper [Rec. Math. [Mat. Sbornik] N.S. 
5 (47), 101-104 (1939); these Rev. 1, 163] the author ob- 
tained canonical representations for outer as well as inner 
automorphisms of all complex simple groups and thus laid 
the foundations for carrying out in the present paper the 
whole classification of real simple groups in a direct and 
comparatively short analysis. Among the incidental achieve- 
ments we may mention the direct algebraic proof of Cartan’s 
theorem referred to above, hinging on an interesting char- 
acterization of matrices which are simultaneously Hermitian 
and orthogonal. P. A. Smith (New York, N. Y.). 



6 MATHEMATICAL REVIEWS 

Kodaira, Kunihiko. Uber die Differenzierbarkeit der ein- 
parametrigen Untergruppe Liescher Gruppen. Proc. 
Imp. Acad. Tokyo 16, 165-166 (1940). [MF 2499] 
A short proof of the theorem that if a continuous group 

possesses a coordinate system x’, ---, x" in which the func- 

tions defining group composition have continuous deriva- 

tives, and if the functions x‘(#) define a one-parameter sub- 
group, the parameter / being additive with respect to group 
composition, then the x‘(#) must be differentiable. 

P. A. Smith (New York, N. Y.). 

Feld, J. M. A continuous group of contact transforma- 
tions containing the generalized pedal transformation. 
Téhoku Math. J. 46, 252-260 (1940). [MF 2439] 
The author generalizes a result of Lie that the iterates 

and inverses of the pedal transformation can be embedded 
in a continuous one-parameter group of contact transfor- 
mations. He sets up a three-parameter continuous abelian 
group H of contact transformations in a projective plane. 
H is shown to preserve certain cross ratios, in terms of 
which «! generalized pedal transformations belonging to H 

are defined. A mixed group A having H as an invariant 

subgroup is constructed, and certain types of plane curves 
are shown to be invariant under these groups. The results 
can be extended to m dimensions. R. J. Walker. 

Toyoda, Késhichi. On axioms of mean transformations 
and automorphic transformations of abelian groups. 
Tohoku Math. J. 46, 239-251 (1940). [MF 2438] 
Let G* be an abelian group and let T;, T, be automor- 

phisms of G* which commute. The elements of G* and a dot 
operation a-b=I,(a)+T.(b) define a system G called an 

abelian set. In G, a-x=c and x-b=c are uniquely solvable; 
there is at least one idempotent element; and (a-b)-(c-d) 
=(a-c)-(b-d). If these laws be taken as axioms for G, then 

G*, T'; and Yl, are found which give rise to G. If every ele- 
ment is idempotent, G is called a mean set: the dot opera- 
tion then generalizes the arithmetic mean. The remaining 
results are stated without complete proofs. When G is finite, 
G* may be represented as a group of vectors whose ith com- 
ponent is reduced mod m; for each i, and T'; and I; are then 
nonsingular linear transformations on G*. When G is locally 
euclidean of dimension n and a-b is of class C” a similar re- 
sult holds, the topology of G being that induced by G* (in 
particular, when m= 1 and G is not compact, m,=0 and I; is 
y=, \; a real number). A commutative locally euclidean 
mean set is of class C” if lim ((@-e)-e)-e- --- =e for every 
a, é. W. Flexner (Ithaca, N. Y.). 

Toyoda, Késhichi. On affine geometry of abelian groups. 
Proc. Imp. Acad. Tokyo 16, 161-164 (1940). [MF 2498] 
Continuing the paper reviewed above, the author defines 

a line L(a, b) as a subset of the elements of a mean set 

obtained by the rules: (i) a, beL; (ii) x, yeL implies x-y in 

L; (iii) x, yeL and x-z=y or z-x=y implies zeL. Since G is 
a mean set, ',=EZ—T,, where E is the identity. It is shown 
that L(a, b) =b+R(a—b), where R is a ring of homomor- 

phisms of G* containing E. A necessary and sufficient con- 
dition that two lines are identical whenever they have two 
elements in common is that R be a field. In this case G is 
said to define a space of affine geometry. If G is such a space 

| 
| 

| 

and finite, a proof is indicated that G* is a direct product of 
cyclic groups of prime order p. W. W. Flexner. 

Walker, A. G. Certain groups of motions in 3-space of 
constant curvature. Quart. J. Math., Oxford Ser. 11, 

81-94 (1940). [MF 2606] 
The author examines the three-parameter subgroups G; 

of the complete group Ge, of matrices of a Riemannian 
3-space S; of constant curvature. In case the curvature is 
positive, the known result that the invariant G;’s [cf. H. P. 
Robertson, Ann. of Math. (2) 33, 496-521 (1932) ] are the 
only possible ones is obtained. In case the curvature is 
negative, non-invariant transitive G;’s are found and it is 

shown that each involves a preferred direction in S;. The 

geometry of the latter subgroups is studied in detail. 
A. H. Taub (Princeton, N. J.). 

Montgomery, Deane and Zippin, Leo. A theorem on the 
rotation group of the two-sphere. Bull. Amer. Math. 
Soc. 46, 520-521 (1940). [MF 2421] 
Let R be the group of all rotations of Euclidean 3-space 

about its origin. It is proved that no proper subgroup of R 
is transitive by showing that G a transitive subgroup implies 
the existence about the identity in R of a small 2-sphere N of 
G which can be deformed in G into another 2-sphere outside 
N. Hence all points of R inside N are in G and G is open 
and so coincident with R. W. W. Flexner. 

Montgomery, Deane and Zippin, Leo. Topological group 
foundations of rigid space geometry. Trans. Amer. 
Math. Soc. 48, 21-49 (1940). [MF 2503] 
Taking as fundamental a system G of sense preserving 

homeomorphisms of the number plane E2, Hilbert put three 
conditions on G under which it gives rise either to plane 
euclidean or hyperbolic geometry : I. “‘G is a group.” II. “If 
x and y are distinct points of E2, the orbit of y under the 
subgroup G, of G leaving x invariant contains infinitely 
many points.” III. “If there are elements of G carrying 
triples of points arbitrarily near the point triple x, y, z into 
an arbitrary neighborhood of x’, y’, 2’, there is an element 
of G carrying x, y, z into x’, y’, 2’. [Math. Ann. 56, 381- 
422 (1903).] This paper achieves the same result with 
axiom III weakened to III’ in which point pairs replace 
Hilbert’s point triples. It also defines 3-dimensional euclid- 
ean or hyperbolic geometry using homeomorphisms of Es 
satisfying axioms I, III’ and II’: ‘There exists a point p 
of E; such that the group G, is a proper subgroup of G 
and for a sequence of points », approaching p the sets 
G,(p.) are at least 2-dimensional.’”’ These are weaker than 
the conditions used by Kerékjarté in attacking the same 
problem [Ann. of Math. (2) 29, 169-179 (1927)]. In the 
two dimensional case II’ may be used instead of II. Mont- 
gomery and Zippin first show that in both the two and 
three dimensional cases G, is the rotation group of the space 
in question. Quoting from them: “. . . we first confine our 
attention to a suitable invariant neighborhood of the point 
p where orbits under G, can be proved compact. We form 
the effective group in this neighborhood, and show that any 
sequence of elements of this group has a subsequence which 
converges to a homeomorphism of the neighborhood into 
itself. We then augment our group by the addition of such 
homeomorphisms. It transpires, only considerably later, 
that this enlargement is an illusory one. The enlarged group 
is then shown to be a compact topological transformation 
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group on a ‘locally euclidean’ space. From our previous 
work, we then know that our orbits are necessarily mani- 
folds and it is not difficult to show that they are indeed 
spheres.” [Trans. Amer. Math. Soc. 40, 24-36 (1936) ; Duke 
Math. J. 4, 363-373 (1938); Amer. J. Math. 61, 375-387 
(1939); the paper reviewed above and a forthcoming paper, 
Ann. of Math. (2) 41, 778-791 (1940); and see Cartan, 

Mémor. Sci. Math. no. 42, 1930.] Then it is shown that 
G is transitive and satisfies, for arbitrary n, a condition 
which is axiom III with m-tuples replacing triples. In 
three dimensions the line xy is defined as the set of points 
left invariant by that circular subgroup K., of G, which 
leaves y invariant. The line L’ is orthgonal at p to a 
line L meeting L’ in p if K, has an element of order 2 under 
which L’ is invariant. A plane is the set of points on lines 
orthogonal to a given line at a given point, and planes are 
linear. If each point x of L is associated with the element of 
G which preserves L and direction on L and carries a fixed 
point o into x, multiplication of points on L may be defined 
and L made to carry a topological group which is then bi- 
continuously isomorphic to the additive group of real num- 
bers whose metric may thus be transferred to L and is both 
an invariant of G and, on £3, equivalent to the original 

metric. The geometry is now hyperbolic or euclidean since 
it must be one or the other on each plane and of the same 
type on all planes. Finally it is shown that axiom II’ may 
be replaced by another which, in the presence of I, III’ 
leads to II’ as a theorem. W. W. Flexner. 

Kowalewski, Gerhard. Die Ausnahmegruppen der Pick- 
schen Geometrie. Monatsh. Math. Phys. 49, 64-72 

(1940). [MF 2131] 
In a previous paper [J. Reine Angew. Math. 181, 218- 

241 (1940) ; these Rev. 1, 164] the author gave the extended 
groups in the plane with non-vanishing Lie determinant. 
In the present paper the group preserving d"y/dx", namely, 

E=aertai, 7=ao"+bo+P(x), P(x) =DLi-i(bix*/t!), is ex- 
tended m times. The mth extension of this group has its Lie 
determinant identically 0 and hence the Pick geometry of 
nth order elements breaks down. A geometry of this group 
is constructed by considering as element one of order n—1, 
namely, x, y, V1, ***, Yn—1 and the line joining (x, y) to (x, 9). 
The paper studies the case n=3. If (x, y, y1, ye) moves 
along a curve K and (x, 9) along K, the canonical param- 
eters are expressible in terms of the three invariants 

ds=(g—y)*"dx, I=y3 and J=(g—y)**(g:—41), and by 
means of them invariant points and curves are obtained. 

M. S. Knebelman (Pullman, Wash.). 

Garrison, G. N. Quasi-groups. 
474-487 (1940). [MF 2548] 
A quasi-group is a multiplicative system S in which the 

equations ax=b, ya=b have unique solutions x, y. No asso- 
ciative law of any kind is assumed. Only finite quasi-groups 
are considered. The main result is an analogue of the homo- 
morphism theorem for groups. A complex H cS is called 
invariant if given a, b there exists c such that (Ha) (Hb) = He. 
S can be decomposed into cosets Ha, and the latter form a 
quasi-group S/H to which S is homomorphic. Conversely, 
if S is homomorphic to a multiplicative system § then § 
is a quasi-group, and is isomorphic with the quotient quasi- 
group S/H of an invariant complex H. A. H. Clifford. 

Ann. of Math. (2) 41, 

Campaigne, Howard. Partition hypergroups. 
Math. 62, 599-612 (1940). [MF 2457] 
A conjugation \ in a hypergroup H is an equivalence 

Amer. J. 
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relation ~ such that, if aeH, beH, ceab, c’~c, then there 

exist elements a’, b’ in H such that a’~a, b’~b, c’ea’b’. 
The distinct residue classes {a}, of all elements of H con- 
jugate to a form a partition hypergroup {H}, if multipli- 
cation is defined by {c},e{a},{b}, if cea’b’, a’~a, b’~bd. 
This is an extension of the notion of factor groups. The 
author investigates the question of inheritance by {H}, of 
properties of H. For example, if H is inversive, then {H}, 
is inversive. Inasmuch as every group is inversive, it follows 
that not every hypergroup can be represented as a partition 
hypergroup {G},, where G is a group. This is contrary to a 
conjecture of F. Marty [8 Skand. Mat. Kongr., Stockholm, 
1934]. Several special conjugations are considered, and 
especially one, {H}p, which is defined in terms of any sub- 
group P of the group of automorphisms of H. From this 
and a study of the lattices of a hypergroup the author is led 
to the theorem that a group G is simple if and only if {G} 
has no proper subhypergroup except the identity, where S 
is the group of inner automorphisms of G. Extending the 
notion of direct product to hypergroups, the author char- 
acterizes hypergroups which are products of two hyper- 
groups. H. S. Wall (Evanston, Iil.). 

Malcev, A. Uber die Einbettung von assoziativen Syste- 
men in Gruppen. Rec. Math. [Mat. Sbornik] N.S. 
6 (48), 331-336 (1939). (Russian. German summary) 
[MF 1361] 
Fiir die Einbettbarkeit eines assoziativen Systems & in 

eine Gruppe © gibt Verfasser ein notwendiges und hin- 
reichendes System unendlich vieler Bedingungen B, an, von 
denen jede einzelne die folgende Gestalt hat: aus f,(a:, ---, 
ay) =g,(a1, «++, @p) fiir alle »=1, ---, q folgt F(a, ---, a5) 
= G(a, ---, @,). Hier sind die f, gz, F, G wohlbestimmte, von 
% unabhangige, von m abhangige Funktionen (auch p und g 
hangen von m ab), deren Variablen a, ganz & durchlaufen; 
jedes der f,, g,, F, G hat die spezielle Gestalt ¢ (a1, ---, @,) 
=a,01, wo k und | gewisse der Zahlen 1, ---, p sind. Ein 
explizites Verfahren zur sukzessiven Aufstellung der Be- 
dingungen B, wird angegeben. Verfasser weist auf die 
Méglichkeit hin, die Systeme Y& nach den Bedingungen B,, 
welche fiir sie erfiillt sind, zu klassifizieren. Auf die Be- 

dingungen B, kommt Verfasser folgendermafen : Er erwei- 
tert & durch Hinzunahme aller “idealen’’ Elemente x* und 
x (xe%M) und bildet ‘““Worte” aus W. Fiir die Worte schreibt 
er Aquivalenzregeln vor: (1) man darf in den Worten x-x 
und xx+ beliebig einfiigen und streichen, (2) man darf 
einander gleiche Produkte von Elementen aus & in den 
Worten durcheinander ersetzen. Die so entstehenden Klas- 
sen Aquivalenter Elemente bilden eine Gruppe G. Notwen- 
dig und hinreichend fiir die Einbettbarkeit von & in eine 
Gruppe ist, da8 verschiedene Elemente aus & in © ver- 
schiedene Reprasentanten besitzen. 

Zwei Aquivalente Worte lassen sich immer durch eine 
“normale Kette’’ von Transformationen verbinden, das 

heisst, so, da& Transformationen stets nur stattfinden rechts 
von dem am weitesten rechtstehenden Element x~ und links 
von dem am weitestens links stehenden Element x*. Jede 
normale Kette 1l48t sich durch eine Schema angeben, das 
nicht mehr von % und von der speziellen Wahl der zu ver- 
bindenden Elemente von & abhangt. Die Forderung, dab 
aquivalente Elemente von & einander gleich seien, ordnet 
jeder Kette eine identisch zu erfiillende Bedingung B, zu. 

H. Freudenthal (Amsterdam). 
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Hardingham, C. H. Triangles with sides and medi- 
ans commensurable. Math. Gaz. 23, 448-450 (1939). 
[MF 1513] 

Ramler, O. J. On triangles having a common mean. 
Amer. Math. Monthly 47, 140-145 (1940). [MF 1732] 

Thébault, V. Rectangles semblables associés 4 un tri- 

angle. Ann. Soc. Sci. Bruxelles. Sér. I. 60, 5-14 (1940). 
[MF 2535 ] 

Cavallaro, Vincenzo G. Properties of a triangle which are 
preserved in the limiting case of collinear vertices. Bol. 
Mat. 13, 102-105 (1940). (Spanish) [MF 2468] 
The properties considered are those of squares and tri- 

angles constructed on the sides of the basic triangle. The 
author mentions a similar article of his to appear this year 
(1940) in the Bolletino di Matematica (Genova). 

N. A. Court (Norman, Okla.). 

Lebesgue, Henri. Sur les n-sectrices d’un triangle. En- 
seignement Math. 38, 39-58 (1940). [MF 2249] 
“Il y a une quarantaine d’années Morley obtenait inci- 

demment le théoréme suivant: Les trisectrices intérieures 
des angles d’un triangle, adjacentes 4 un méme cdté, se 

coupent deux 4 deux aux trois sommets d’un triangle équi- 
latéral. . . . Si je reviens sur la question, c’est pour donner 
une démonstration qui, ne visant ni a |’élégance, ni a la 
briéveté, pourra mieux faire état de ce qui n’est pas indis- 
pensable a la preuve, mais servira 4 faire comprendre. . . . 

Du point de vue élémentaire auquel je me place ici, il faut 
confronter les cas des bissectrices et des trisectrices, mettre 
en lumiére les raisons des différences et réussir 4 ne voir 
dans ces différences, choquantes au premier abord, que des 
aspect trés voisins et tout naturellement variés d’une méme 
verité” [from the introduction ]. Additional reference : Edu- 
cational Times (Reprints) 15, 22, 46, 110, Question 16391 

(1909). N. A. Court (Norman, Okla.). 

Musselman, J. R. Some loci connected with a triangle. 
Amer. Math. Monthly 47, 354-361 (1940). [MF 2569] 

van der Woude, W. On Morley’s triangle and Steiner- 
Schlafli’s hypocycloid. Mathematica, Zutphen. B. 8, 
129-134 (1940). (Dutch) [MF 1201] 
The vertices of Morley’s equilateral triangle are the inter- 

sections of well-chosen trisectors of a given triangle. The 
locus of the Simson lines of the latter is the hypocycloid of 
Steiner-Schlafli. The author proves, by analytical methods, 
the following theorem: the cuspidal tangents of the hypo- 
cycloid are perpendicular to the sides of Morley’s triangle. 

O. Bottema (Deventer). 

Goormaghtigh, R. A theorem on a cyclic polygon. 
Math. Monthly 47, 466-468 (1940). [MF 2828] 

Amer. 

Stewart, B. M. Cyclic properties of Miquel polygons. 
Amer. Math. Monthly 47, 462-466 (1940). [MF 2827] 

Bratu, Georges. Sur les polygones inscriptibles demi-sem- 
blables. Mathematica, Cluj 16, 6-12 (1940). [MF 2479] 
Deux polygones sont demi-semblables s’ils ont le méme 

nombre de cétés et les angles respectivement égaux. 
Extract from the paper. 

Gaba, M. G. On a generalization of the arbelos. 
Math. Monthly 47, 19-24 (1940). [MF 1152] 
The arbelos is the figure consisting of three semicircles 

Amer. 

on the same side of a line ABC, diameters being AC, AB | 
and BC. Given two circles c and c’ externally tangent to 
one another and a circle c having as diameter the sum of 
their collinear diameters; r’=kro, k an integer. Then if a 

series of circles Co, C1, C2, «++ be all drawn tangent to c and c’ 
and successively to one another, and if mm=k(k+1), m<n, 

then the centres of C, Cm, Cn, ¢’ form an isosceles trapezoid ; 
the sine of the base angle is 2mk/(m?+-k*). For m=k=1 we | 
have a theorem of Steiner. O. Bottema (Deventer). 

Goormaghtigh, R. Construction des axes d’une conique 
de centre donné inscrite 4 un triangle. Mathesis 54, 
60-65 (1940). [MF 2007] 
“L’interprétation géométrique que nous avons donnée 

[Mathesis 53, 72-75 (1939) ] des fonctions symétriques de 
trois nombres complexes de module égal a l’unité, permet 
d’obtenir une solution élégante du probléme qui consiste a 
trouver, en grandeur et en position, les axes d’une conique 
déterminée par les conditions qu’elle doit étre inscrite 4 un 
triangle donné et avoir pour centre un point donné. Ces 
developpements appellent aussi l’attention sur quelques 
lieux géométriques et sur certaines coniques particuliéres 
inscrites au triangle.” Extract from the introduction. 

Bors, C. Considerations projectives sur la droite de Simp- 
son. Bol. Mat. 13, 98-101 (1940). [MF 2467] 
Making use of Laguerre’s definition of an angle, the 

author shows that Simpson’s theorem, both in its classical 
and in its generalized form, is a Euclidean specialization of 
a projective property of five points on a conic. 

N. A. Court (Norman, Okla.). 

Goodstein, R.L. On chords of a conic which touch another 
conic. Math. Gaz. 24, 103-105 (1940). [MF 2434] 

Zito, Ciro. Sulle coniche tangenti ad una conica. Atti 
Accad. Peloritana 41, 48-51 (1939). [MF 1326] 
Verfasser betrachtet zwei in verschiedenen Ebenen a und 

a’ gelegenen Kegelschnitte C und C’, welche sich in T be- 
riihren. Wird C’ aus einem Punkte P auf a projiziert (C”), 
so beriihren auch C und C” einander in T. Es wird mit 
synthetischen Methoden untersucht, wann C und C” eine 
Beriihrung dritter oder vierter Ordnung haben. 

J. Haantjes (Amsterdam). 

Kommerell, Karl. Die Fokalkegelschnitte als Grenzfille 
der konfokalen Flachen zweiter Ordnung. Jber. Deutsch. 
Math. Verein. 50, Abt. 2, 19-21 (1940). [MF 2779] 

The author observes that the determination of the focal 
conics of a confocal system of quadric surfaces as a con- 
tinuous limiting case is not rigorous in point codrdinates, 
but is complete in the dual case of plane codrdinates, in 

which one limiting equation is sufficient. V. Snyder. 

Lyons, R. J. A proof of a generalization of Gaskin’s 

lt in Ba REE 

i ae. 

theorem. Proc. Cambridge Philos. Soc. 36, 244-245 

(1940). [MF 1853] 
Proof of the theorem : “All spheres outpolar to a quadric © 

are orthogonal to the director sphere of the quadric.” In | 
this theorem, the terms “sphere” and “quadric” denote 
n-dimensional manifolds in a Ry+1. E. Helly. 
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de Losada y Puga, Cristébal. Sur la trigonométrie des 
petits triangles curvilignes plans. Bull. Soc. Math. 
France 67, 132-136 (1939). [MF 2584] 

Loria, Gino. Des cercles ex-circonscrits par rapport 4 un 
triangle sphérique. Mathematica, Cluj 16, 57-60 (1940). 
[MF 2484] 

*Kommerell, Karl. Vorlesungen iiber analytische Geo- 
metrie des Raumes. K. F. Koehler Verlag, Leipzig, 
1940. vii+388 pp. 20 RM. 

*Heffter, Lothar. Grundlagen und analytischer Aufbau der 
projektiven, euklidischen, nichteuklidischen Geometrie. 

Teubner, Leipzig und Berlin, 1940. viii+199 pp. 
12 RM. 

Lotze, Alfred. Randbemerkung zu meinem Aufsatz: “Der 
allgemeine Entwicklungssatz dusserer Produkte im Rah- 
men der Grassmannschen Ausdehnungslehre.” Jber. 
Deutsch. Math. Verein. 50, Abt. 2, 18-19 (1940). 

[MF 2778] 
Concerning Jber. Deutsch. Math. Verein 49, Abt. 2, 11- 

17 (1939). 

Zito, Ciro. Omografie dello S; nel corpo complesso che 
ammettono un complesso lineare unito non speciale. 
Rend. Sem. Mat. Roma 3, 257-270 (1939). [MF 1905] 
Verfasser betrachtet die verschiedenen Typen von pro- 

jektiven Transformationen und untersucht die invarianten 
nicht-speziellen linearen Komplexe. Es zeigt sich, dass in- 
variante Komplexe nur existieren, wenn die Wurzeln der 
charakteristischen Gleichung bestimmten Relationen ge- 
niigen; z.B. fiir die Transformation x,;’=:%1, x2’=p2%2, 
X3'=psX3, x4’=psx, soll entweder pip2=p3p4, Oder pip3=p2p4 

oder p1p4=p2p3 sein. Dasselbe Problem wird auch mit Hilfe 

von Kleinschen Koordinaten gelést. J. Haantjes. 

Deaux, R. Polarités planes transformant l’une en l’autre 
deux polarités données. Mathesis 54, 9-18 (1940). 

[MF 1575] 
Une étude des polarités 6,, qui transforment l’une en 

l'autre deux polarités données @; et #2, ayons 7; et 2 pour 
coniques fondamentales. L’auteur prouve par une méthode 
synthétique: Les @, sont les produits 6,0, od @ est l'une 
quelconque des homographies auxquelles 6, est harmonique 
avec #=6,6,. Cette note contient une discussion compléte 
de la conique fondamentale de 6, [voir aussi un mémoire 
antérieur, Mathesis 53, 277-286 (1939) ; ces Rev. 1, 262]. 

J. Haantjes (Amsterdam). 

Blaschke, Wilhelm. Contributi alla geometria analitica 
degli spazi di Hermite. Atti Accad. Italia. Rend. Cl. Sci. 
Fis. Mat. Nat. (7) 1, 224-227 (1940). [MF 1756] 
Consider vectors X, Y with complex components; if non- 

zero proportional vectors define the same “point,” then the 
unitary group (preserving the scalar products XY) will de- 
fine a Hermitian elliptic geometry. In contrast to “real” 
elliptic geometry, not only the distances of point pairs, but 
also a new function of a triangle, namely (X Y)(YZ)(ZX)/ 
(XX)(YY)(ZZ), are essential invariants. In this review we 
shall call the argument of this complex number argument 
of XYZ and a triple X YZ of points or vectors real if its 
argument is zero, and a set of vectors or points coreal if all 
its triples are real. Figures are congruent if distances and 

arguments of corresponding pairs and triangles are respec- 
tively equal. Coreal sets of points may be represented by 
sets of vectors with real scalar products X Y. The Hermitian 
elliptic space contains subsets which are “real” elliptic 
spaces; that would be point sets which are coreal and con- 
tain all points linearly dependent on and coreal with them. 
The vectors belonging to a “real” subspace form together 
with 0 a family N with the following properties: (a) it con- 
tains the complex multiples of its vectors; (b) it contains 
the sum of two of its vectors, provided their product is real ; 
(c) it is coreal. 
Theorem: A set N possesses orthonormal bases X; such 

that every vector in N is proportional to a linear combina- 
tion of the X; with real coefficients; two orthonormal bases 
define the same family N exactly if they are related through 
a matrix, which is the product of a real orthogonal matrix 

and a complex number of absolute value 1. (In order to 
obtain the latter part of the theorem, it is necessary to 
change the definitions of the author; the above approach is 
offered in view of the importance of the theory (for instance, 
in quantum mechanics) in general and also since this the- 
orem is basic for the treatment of the actual problem, which 
is the determination of the invariants belonging to a pair 
of families N.) By virtue of the theorem, this problem 
amounts to finding the invariants of the rectangular matrix 
R obtained in multiplying the elements of one basis with 
the elements of a basis for the other family; two matrices 
Rand R* will define congruent figures if R* =cA RB’, where 
c is a complex number of absolute value 1 and the square 
matrices A and B are real orthogonal matrices. The solution 
is given for two cases: (a) a point and a “real” straight line, 

(b) two “real” straight lines. In the first case the complete 
system consists of two real independent invariants; in the 

case (b) we have five, the square of the fifth depending 
rationally on the first four, which are independent. Several 
relations are mentioned which correspond to special relative 
positions of the two families. M. A. Zorn. 

Douglas, Jesse. Onlinear polygon transformations. Bull. 
Amer. Math. Soc. 46, 551-560 (1940). [MF 2429] 

The paper gives a somewhat simpler approach to the 
main theorem of a previous paper [J. Math. Phys. Mass. 
Inst. Tech. 19, 93-130 (1940); these Rev. 1, 261]. The fol- 
lowing facts will have interest of their own. A transforma- 

tion 2,;’= >°7-14;;2; (all numbers are complex) will transform 
a polygon r=(z;, ---,2,) into a polygon 2’ =(z;’, ---, 2,’) 
if, and only if, the matrix a;; is cyclic, that is, if, and only 
if, @ij=aj;_i, aj;<i=ay if R=j—i (mod n). The cyclic mat- 
rices form a commutative subalgebra of the m-rowed 
square matrices. A cyclic transformation is permutable with 
every similitude transformation z’=Az+B if, and only if, 

a@+--++a,-1=1. If this condition is satisfied, we say x’ 

is obtained from x by an r-ary similitude construction (s.c.) 
if a0, a-1~0, a-= +--+ =a,=0. (The constructions occur- 

ring in the main theorem are special binary s.c.) An r-ary 
s.c. has a unique factorization into r—1 binary s.c. 

H. Busemann (Chicago, IIl.). 

Bachmann, Friedrich. Die Bewegungsgruppe einer ebenen 
Cayleyschen Geometrie. J. Reine Angew. Math. 181, 
242-252 (1940). [MF 1212] 
It is known that the metric group of the real elliptic 

geometry in the plane can be represented by the multipli- 
cative group of the common real quaternions. The author 
asks and answers in the affirmative the corresponding ques- 
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tion for a general projective geometry in which Pascal’s 
theorem holds and in which the diagonal points of a com- 
plete quadrangle are not collinear. It is known that such a 
geometry is isomorphic with an analytic projective geom- 
etry over a commutative number field whose characteristic 
is not 2. After introduction of a homogeneous projective 
coordinate system, a Cayley geometry is here given by a 
non-singular ternary quadratic form Q which may be mul- 
tiplied by an arbitrary factor from the number field, 0. 
By suitably changing the coordinate system and multi- 
plying by a suitable factor, Q can be brought into the form 
O=ayx+a2x?+4102x7 (a;a2~0). Now the description of 

the group of Q can be made by means of the system of 
quaternions (—a:, —@2), in which the multiplication of qua- 
ternions £=%X9+%1i1+%2i2+%s%, (the x; are arbitrary ele- 

ments of the given number field and 7;, 2, 4; the units of the 
quaternion system) is performed according to the rules: 
43 = 1142, {= —Gi, 17 = —d, tyi2= — tz}. The conjugate E is 

defined by £= +2x9—x1i1 —X2i2—Xgig and the norm of & by 

N(£) =t&=x08+aywr?+a.2x?+a,02x;. As it is usual in the 
common geometry, the author considers, in addition to the 
plane geometry, a solid Cayley geometry based on the form 
N(é) but restricts the group of the latter to the transforma- 
tions whose determinants are square numbers. The author 
proves : (I) If one lets correspond to the point (xo, x1, X2, Xs) 
the quaternion £ = x9+%1i1+%2i2+Xyiz, every transformation 
of the solid Cayley geometry may be written in the form: 
ct’ =atB (a and B are quaternions whose norms are not zero 
and ¢ a non-zero scalar). (II) A transformation of the plane 
Cayley geometry can be completed to a transformation of 
the solid geometry and in one way only. It has then a rep- 

resentation of the form ct’ = at& (N(a) 0). The author uses 
as a principal means of his investigations the composition 
of a general transformation of the plane geometry out of 
reflections and he gives the complete system of relations 
between these reflections. C. Loewner. 

Coxeter, H. S. M. The polytope 2.:, whose twenty-seven 
vertices correspond to the lines on the general cubic sur- 
face. Amer. J. Math. 62, 457-486 (1940). [MF 2453] 
In summarizing the properties of the configuration of 27 

lines on the general cubic surface and of its group of auto- 
morphisms, the author generates the symmetric group of 
order 6! on the six pairs of opposite lines in a double-six by 
means of five operators P;, P, O, N, Ni, each of period 2, 

such that non-adjacent ones are permutable and adjacent 
ones have products of period 3. Each may be thought of as 
interchanging the rows of a different double-six. A sixth 

operator Q of period 2, permutable with P,, P, N and N,, 

but such that (OQ)*=1, is found which interchanges the 
two rows of still another double six. These six operators, 
whose product R is of order 12, permute transitively the 
72 rows of the 36 double-sixes, and generate a group [3**"] 
of order 72-6!=51840. The 27 lines are next represented as 
points, first in two beautifully illustrated configurations in 
the affine plane, one by enneagons and the other by dodec- 
agons, in which points representing skew lines are joined, 
and then in a Euclidean space of six dimensions of which 
the first two representations are projections. In six-space, 
the polytope 22:, discovered by Gosset in 1897, has 27 ver- 
tices each adjacent to 16 others and equally remote from 
10 others, which represent the 27 lines each skew to 16 lines 
and intersecting the remaining 10. The 10 points remote 
from a given vertex are vertices of a five-dimensional cross- 
polytope 8;. The polytope 22; has as faces 27 of these and 
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72 five-dimensional simplexes as, one for each row of a 
double-six. The double-sixes themselves correspond to pris- 
matic figures a;Xa:, whose 72 centers form a polytope 122, 
discovered by Elte. An interchange of two rows of a double 
six may be obtained by a reflection of the polytope in a 
suitable hyperplane. Six hyperplanes are selected which cor- 
respond to the six generating operators of the group [3**"]. 

Witting’s and Burkhardt’s representation of this and 
other closely related groups in complex three-space pave 
the way for the author’s representation by anticollineations 
of the simple group [3**"']’ of order 25920. A complete 
abstract definition, together with a matric representation, 

is given for two operators which generate the group. An 
interesting connection is established between these repre- 
sentations and Frame’s representation by collineations in 
the finite geometry PG(3, 4). Finally, by interpreting the 
four complex homogeneous tangential coérdinates of each 
of the 40 images of a plane 2=0 as nonhomogeneous point 
coérdinates in eight real dimensions, each plane gives rise 
to a hexagon and the 240 vertices so obtained are vertices 
of another of Gosset’s semiregular polytopes, 42:, whose 
symmetry group [3**!] of order 696,729,600 is generated 
by eight reflections. It contains the group [3**!] as a sub- 
group of index 6720, and the simple group FH(8, 2) asa 
subgroup of index 2. Four tables at the end give explicitly 
various generators of [3**1]’, [3%*"] and [3**1]. 

J. S. Frame (Providence, R. I.). 

Coxeter,H.S.M. Regular and semi-regular polytopes. I. 
Math. Z. 46, 380-407 (1940). [MF 2406] 

A compact notation by means of a graph of dots and 
marked links for a regular polyhedron (or polytope) and 
for its group of symmetries is presented, in which each of 
the generating reflections of the group is represented by a 
dot. Two reflections in planes (or hyperplanes) p, and p, 
making an angle of z/n,, have as their product a rotation 
through 27/n,,, whose period m,, must be an integer. If 
n,,= 2, the reflections are permutable and the corresponding 
dots are not linked in the graph. If ,,=3, the corresponding 
dots are linked. If n,,>3, this number is marked on the link. 
The reflecting planes are so chosen as to enclose between 
them a fundamental region, whose images under the various 
symmetry operations of the group cover the whole space 
just once (except the reflecting planes themselves). A given 
group may have more than one set of defining relations, 
and hence more than one graph. But each graph symbolizes 
the defining relations for a unique group. For instance, three 
dots connected by two links marked m and n symbolize a 
group [m, n | defined by R?=R,?=R;?= (Ri R2)"= (Ri R;)? 

= (R,R;)"=1. A given group may belong to several different 
regular polyhedra whose vertices are the images of differ- 
ent initial points which lie in some (or none) of the plane 
boundaries of the fundamental region and are equally dis- 
tant from the rest. To denote a particular regular poly- 
hedron belonging to this group a ring is placed around each 
of the dots corresponding to the latter set of planes which 
do not contain the initial point. The polyhedron belonging 
to the rotational subgroup is indicated by removing the dots 
and leaving the rings. 

The author gives in detail the abstract defining relations 
for a number of these polyhedral groups and their sub- 
groups, including 20 of the 230 space groups of crystallog- 
raphy. Wythoff’s construction for uniform polyhedra is 
illustrated by several drawings of plane tessellations, and 
the ideas are extended to the 14 uniform space-fillings, pre- 
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viously enumerated by Andreini, which are then tabulated 
together with their various graphs. The Cayley group- 
pictures are discussed in an appendix. J. S. Frame. 

Gambier, Bertrand. Application du théoréme de Dalem- 
bert 4 l’étude de configurations géométriques. C. R. 
Acad. Sci. Paris 210, 523-525 (1940). [MF 2260] 

The author outlines the proofs of a few theorems con- 
cerning tetrahedra, which are inscribed to a fourth degree 
space-curve B and self-conjugate with respect to a quadric 
surface ¢. The proofs are based on a principle which is in 
close connection with the theorem of Dalembert (as the 
French mathematicians call the fundamental theorem of 
algebra). This principle is: Let W, and V, be two manifolds 

of the same number of dimensions. V, may be indecom- 
posable and every element of W, may belong to V,. Then 
W, is identical with V,. This very general and indetermi- 
nate formulation of the principle, as given in the present 
paper, is certainly only of heuristic value. [Cf. the following 
review. | E. Helly (Paterson, N. J.). 

Gambier, B. et Labrousse, A. Tétraédres inscrits dans 

une biquadratique et conjugués par rapport 4 une qua- 
drique. Bull. Soc. Math. France 67, 177-222 (1939). 

[MF 2587 ] : 
This paper deals with the problem outlined in the pre- 

ceding review. If two quadric surfaces Q;, Q2 are circum- 
scribed about a tetrahedron T, which is self-polar with re- 

spect to another quadric 2, then every quadric of the pencil 
B defined by Q; and Q, is circumscribed about T, and the 
pencil B is said to be harmonically circumscribed about =. 
The same letter B may denote the fourth-degree curve, 

common to Q; and Q». If this curve is circumscribed about 
a self-polar tetrahedron T, it is called harmonically circum- 
scribed about 2, and every quadric of the pencil B, and 
therefore the pencil B itself, is harmonically circumscribed 
about 2. The theorem proved in this paper is the converse 
statement: if the pencil B is harmonically circumscribed 
about 2, then the curve B also, and it can be proved that 
there are, in general, two tetrahedra JT; and 7: which are 

inscribed to the curve B and self-polar with respect to =. 
The general system (B, Ti, Tz, =) depends on 23 constants, 
and so does the system (B, 2), if B is harmonically circum- 

scribed about 2. There is a subclass of these systems, de- 
pending on 20 constants, so that there exist ' tetrahedra 
inscribed to B, and self-polar with respect to 2. Some com- 
plication arises in investigating the different kinds of re- 
ducible curves B and in the problem of deciding, B and = 
being given, whether there exist 0, 2 or ©' tetrahedra T. 
Then the problem of finding these tetrahedra, if they exist, 
is solved without too complicated computations. 

E. Helly (Paterson, N. J.). 

Godeaux, Lucien. Sur la surface du quatriéme ordre con- 
tenant sept droites. Acad. Roy. Belgique. Bull. Cl. Sci. 
(5) 25, 441-448 (1939). [MF 2545] 

Perron, Oskar. Uber liickenlose Ausfiillung des n-dimen- 
sionalen Raumes durch kongruente Wiirfel. II. Math. 

Z. 46, 161-180 (1940). [MF 2393] 
The author considers sets of congruent parallel -dimen- 

sional cubes in the real Euclidean n-space R,. By choosing 
rectangular coordinates x", - - -, x", each cube may be defined 
as the set of the points (x',---,x") with —}=x”’—a’<} 
(v=1, ---,), where (a', ---, a") is the center of the cube. 
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Such a set of cubes is called a complete filling of the R, if 
each point of the R, lies in one and only one cube. Two 
cubes are called a Z;-pair if one of the differences of the 
coordinates of their centers is +1 and k of these differences 
are 0, while all the others have an absolute value less than 1. 
The two cubes of a Z,_:-pair are called twins. Keller's 
hypothesis reads: A complete filling of the R, always con- 
tains twins. The author verifies this hypothesis in an ele- 
mentary arithmetical way for »=6, proving successively the 
existence of Z;-pairs (n=2), Z2-pairs (n=3), ---, Zs-pairs 
(n=6) through increasingly complicated demonstrations. 

P. Scherk (New Haven, Conn.). 

Merz, K. Wiirfelzerlegungen. Vierteljschr. Naturforsch. 
Ges. Ziirich 84, 236-244 (1939). [MF 1622] 
Durch Schnittebenen und Auswahl von Scheitelzellen an 

Doppelstrecken lasst sich der Wiirfei in ein- und zweiseitige 
Teilvielflache zerlegen. So entsteht z.B. mittels der mittel- 
senkrechten Ebenen der vier Diagonalen ein 10-Flach und 
ein 20-Flach. O. Bottema (Deventer). 

Sprague, R. Uber die Zerlegung von Rechtecken in lauter 
verschiedene Quadrate. J. Reine Angew. Math. 182, 
60-64 (1940). [MF 2381] 
The author shows that any rectangle the ratio of whose 

sides is rational may be subdivided into a finite number of 
squares, all different from one another. N. A. Court. 

Sprague, R. Zur Abschatzung der Mindestzahl inkongru- 
enter Quadrate, die ein gegebenes Rechteck ausfiillen. 
Math. Z. 46, 460-471 (1940). [MF 2408] 

Convexities, Inequalities 

Vincensini, Paul. Sur une extension d’un théoréme de 
M. J. Radon sur les ensembles de corps convexes. Bull. 
Soc. Math. France 67, 115-119 (1939). [MF 2582] 
On démontre la proposition suivante : Etant donnés, dans 

l’espace euclidien 4 m dimensions, d’une part un ensemble 
de corps convexes (&), et d’autre part l’ensemble (2) des 
corps convexes déduits d’un corps convexe quelconque par 
une translation arbitraire, si (&) est tel que, pour chacun 
des groupes de +1 corps que l’on peut former avec ses 
éléments, il existe un corps = de (2) ayant un point commun 
au moins avec les m+1 corps du groupe, il existe alors un 
corps = (au moins) ayant un point commun au moins avec 
tous les corps de l’ensemble (&). C’est 14 une généralization 
d’un théoréme de Radon [Math. Ann. 83, 113-115 (1921) ]; 
on peut I’énoncer aussi a I’aide de la notion de distance 
Minkowskienne définie par les surfaces de (2). 

W. Feller (Providence, R. I.). 

Pasqualini, Louis. Sur les conditions de convexité d’une 
variété close V,_, p—1 fois étendue de l’espace euclidien. 
Mathematica, Cluj 16, 102-108 (1940). [MF 2491] 

Tietze proved that a closed, connected, locally convex 
point set in the Euclidean n-space is convex [Tietze, Math. 
Z. 28, 697 (1928); also Bonnesen-Fenchel, Konvexe K6r- 

per ]. The author proves special cases of Tietze’s theorem. 
Tietze’s paper is not mentioned. P. Scherk. 

Kubota, Tadahiko. Einige Bemerkungen zu den Eilinien. 
Tohoku Math. J. 47, 1-5 (1940). [MF 2616] 
On the closed convex curve C let two points A and B 
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with the following property exist: If any two parallel cords 
AA, and BB, of C are drawn and then any two parallel 

cords A,A, and B,B:, then the cords AA2 and BB, are 
also parallel. If C has parallel supporting lines at A and B, 
it has a center; if no such supporting lines exist it is an 
ellipse. H. Busemann (Chicago, IIl.). 

Kubota, Tadahiko. Ein Satziiber Eilinien. Téhoku Math. 

J. 47, 96-98 (1940). [MF 2628] 
If a closed convex curve has a continuous radius of curva- 

ture then the radius of any circle intersecting the curve in 
at least three points lies between the minimum and the 
maximum of the radius of curvature. H. Busemann. 

Bol, G. Ein Satz iiber Eilinien. Abh. Math. Sem. Hansi- 
schen Univ. 13, 319-320 (1940). [MF 2388] 
It is well known that an oval has at least four vertices 

(points of extreme curvature). The author proves (by con- 
tinuity considerations) that if the oval C has at most four 

points in common with any circle, then C has exactly four 

vertices. F. John (Lexington, Ky.). 

Fejes, Ladislaus. Uber zwei Maximumaufgaben bei Poly- 
edern. TOhoku Math. J. 46, 79-83 (1939). [MF 1170] 
Erweiterungen eines Satzes von Steiner fiir die Ebene. 

Es sei P ein Polyeder, welches unter samtlichen in einer 
geschlossenen konvexen Flache V einbeschriebenen Poly- 
edern mit vorgegebener Eckenzahl das grésste Inhaltsmass 
besitzt. Ist A ein beliebiger Eckpunkt und F,, Fo, ---, Fm 

die in A anstossenden Flachen von P und errichten wir in 
A die m ins Aussere gerichteten Vektoren 1), v2, «++, Um 
derart, dass v; senkrecht auf F; steht und gleich dem Fla- 
cheninhalt von F; ist, so stimmt die Richtung der Vektoren- 

summe mit der Richtung der Normale von V in A iiberein. 

Anologes bei gegebener Flachenzahl. O. Bottema. 

Santalé, L.A. A demonstration of the isoperimetric prop- 
erty of the circle. Publ. Inst. Mat. Univ. Nac. Litoral 2, 
37-46 (1940). (Spanish) [MF 2514] 
The author gives a new proof of the isoperimetric in- 

equality in the plane and on the sphere. Let L be the 
perimeter of a convex figure K in the plane. Let (, 7) be 

the rectangular coordinates of a point P outside of K and 
w the angle between the two tangents of K through P. If 
we turn K around P, there are two extreme positions in 

which the new figure still has points in common with the 
original one. Let ¢ be the angle of rotation between these 
two positions. By means of the classic methods of integral 
geometry, the author proves 

? ¢ L? 
J G-si \atdn=— 
p\2 2 4 

The isoperimetric inequality is an immediate consequence 
of this formula, a well-known one of Crofton’s [cf. Blaschke, 
Integralgeometrie I, p. 18], and the obvious fact that 
w=g/2. From a discussion of the last inequality it follows 
that equality holds for the circle only. In an analogous way, 
the author establishes the isoperimetric property of the 
circle on the sphere. P. Scherk (New Haven, Conn.). 

Schmidt, Erhard. Uber die isoperimetrische Aufgabe im 
n-dimensionalen Raum konstanter negativer Kriimmung. 
I. Die isoperimetrischen Ungleichungen in der hyper- 
bolischen Ebene und fiir Rotationskérper im n-dimen- 
sionalen hyperbolischen Raum. Math. Z. 46, 204-230 
(1940). [MF 2396] 
Der Verfasser beweist die isoperimetrische Eigenschaft 
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des Kreises und der Kugel im n-dimensionalen Raume kon- 
stanter negativer Kriimmung ohne die Betrachtung auf 
konvexe Bereiche zu beschranken. Zunachst wird das iso- 
perimetrische Problem in der nichteuklidischen Ebene be- 
handelt, deren Massbestimmung in die euklidische Ebene 

eingebettet wird mit 

dx?+dy? dxd 
d eto dT= od 

x2 x? 

als Linien- und Flachenelement. Sodann wird das isoperi- 
metrische Problem fiir Rotationskérper im nichteuklidischen 
Raum R, behandelt. Es wird bewiesen: die Kugel ist die 
einzige Rotationsflache welche in der isoperimetrischen 
Ungleichung die Gleichheit gibt. T. Kubota (Sendai). 

Santal6é, L. A. Integral geometry 31. On mean values 
and geometrical probabilities. Abh. Math. Sem. Hansi- 
schen Univ. 13, 284-294 (1940). (Spanish) [MF 2386] 
Let a plane be covered by a “uniform” net, that is, a 

net formed by the periodic reproduction of a fundamental, 
limited figure. Let c be the area of this figure, and let u 
be the length of the line corresponding to it. Let K be 
an arbitrary line, of variable form, of length U and of 
variable position on the plane. It is assumed that all the 
positions of K are equally likely and that Poincaré’s for- 
mula fnK =4uU (where K is the “kinematic density” of K) 
is valid. The author obtains for the mean value 7 of the 
number of common points of the line K with the lines of the 
net the expression i=2uU/xc. This formula contains as a 
particular case a solution of Buffon’s problem of the needle. 
Then let the plane be covered by a set S of “‘uniformly 
distributed” points P;. By this it is meant that it is possible 
to decompose the plane into congruent fundamental regions 
of area c, each of them containing in its interior the same 

number p of equally placed points of the set S. It is shown 
that the mean value 7 of the number of points of the set S 
which is covered by a rigid figure K of area F, which is 
thrown at random upon the plane, is given by i= Fp/c. 
The paper also contains several applications to the theory 
of geometrical probabilities. A. Gonzélez Dominguez. 

Santalé, L. A. Géométrie intégrale 32. Quelques for- 
mules intégrales dans le plan et dans l’espace. Abh. 
Math. Sem. Hansischen Univ. 13, 344-356 (1940). 
[MF 2390] 
The author develops various integral relations between 

two plain curves, between a curve and a surface in space, 
and between three surfaces. The methods are the classic 
ones. The coordinates determining the positions of the 
mobile figures and the sequence of integrations are chosen 
in a convenient way. P. Scherk (New Haven, Conn.). 

Rohde, Hildegard. Integralgeometrie 33. Unitire Inte- 
eometrie. Abh. Math. Sem. Hansischen Univ. 13, 

295-318 (1940). [MF 2387] 
This paper considers the complex plane, the points of 

which depend upon two complex parameters. The author 
summarizes the definitions of Hermitian geometries given 
by E. Study and G. Fubini. She considers the elliptic case, 

which is determined by a definite Hermitian form, and gives 
the generalizations of the definitions of measure (Mass) and 
density (Dichte), given by Blaschke for the Euclidean geom- 
etry. But in the complex plane it is necessary to study the 
normal chains (Normalketten) in addition to the points 
and the straight lines. The author gives no method which 
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would lead in every case to the determination of the measure 
and of the density; however, the corresponding values are 
given, and it is verified that they possess the fundamental 
properties prescribed by the definitions. In this way also 
Wirtinger’s invariant as well as Wirtinger’s and De Rham’s 
inequalities are found. Finally the densities for sets of 
couples of points, couples of straight lines, and so on are 
studied, and also the kinematic density; some results of 
Poincaré and of Santalé are generalized. G. Fubini. 

Algebraic Geometry 

Richmond, H. W. A proof of Aronhold’s theorem upon 
quartic curves. Proc. Edinburgh Math. Soc. (2) 6, 190- 
191 (1940). [MF 2855] 
Given seven lines in a plane, a finite number of quartic 

curves in that plane exist, having the lines as bitangents. 
One such curve exists in which no three of the given bi- 
tangents have their six points of contact on a conic. [Aron- 
hold, Salmon’s Higher Plane Curves, 3rd ed., 1879, pp. 

234-240. ] By means of Geiser’s method of finding bitan- 
gents of plane quartic curves as projections of lines on a 
cubic surface, the author constructs such a curve. 

V. Snyder (Ithaca, N. Y.). 

Arvesen, Ole Peder. Sur la détermination de la courbe 
génératrice d’une courbe algébrique. Norske Vid. Selsk. 
Forh. 12, 85-88 (1940). [MF 2648] 
Using the vocabulary and results of an earlier paper 

[Norske Vid. Selsk. Forh., no. 5, 1-38 (1934) ] the author 
determines the two components of any plane algebraic curve 
expressed in tangential coordinates. Of these, one is the 
curve of Chasles of the given curve; the other, the gener- 

ating curve, is obtained by replacing w by w+q in the 
equation of the curve in the normal form in u, v, w, wherein 

u and v are direction cosines of the normal. If the equation 
is w*—A(u, v)w™!+---=0, then mg=A. The process is 
illustrated by a tangential cubic. V. Snyder. 

Arvesen, Ole Peder. Sur l’addition géométrique des 
courbes algébriques. Norske Vid. Selsk. Forh. 12, 115- 
118 (1940). [MF 2649] 
(Cf. the preceding review. ] Given two plane algebraic 

curves expressed in homogeneous line coordinates u, v, w 

Fe> (—1)‘A,(u, v)w™*=0, Ao=1, roots w=f,, 
t=0 

G=>D (—1)'B,(u, v)w*i=0, Bo=1, roots w=qj. 
7=0 

When 4, v are the direction cosines of the normal, w is the 

distance of the tangent from the origin. The sum of F and 
G is defined by 

H=[] Flu, », w—g;)=[] G(u, v, w—p,), roots w=r;. 
i=1 1 

Tangents of F, G, H are corresponding tangents if rz = pit+q;. 
Each point of H is obtained as the geometric sum of the 
vectors of corresponding points of F and G. In particular, 
if F, of class r+1, and G, of class s+1, are each identical 
with their respective curves of Chasles, then H, of class 
r+s+1, has the same property. V. Snyder. 
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Cherubino, Salvatore. Qualche applicazione dell’indice 
di Kronecker alle corrispondenze algebriche tra curve. 
Ann. Scuola Norm. Super. Pisa (2) 9, 1-11 (1940). 
[MF 1749] 
A theorem stating necessary and sufficient conditions that 

two algebraic plane curves be birationally identical is ob- 
tained for which the theorem of Torelli [Atti Accad. Naz. 
Lincei. Rend. (5) 22, 98-103 (1913) ] is a special case. The 
author also treats certain differences in the geometry on 
algebraic curves and that on abelian varieties. 

T. R. Hollcroft (Aurora, N. Y.). 

Douglas, Jesse. A converse theorem concerning the dia- 
metral locus of an algebraic curve. Duke Math. J. 6, 
375-388 (1940). [MF 2322] 
The intersection of an algebraic curve A with any straight 

line / is a system of m real or imaginary points; let G denote 
their centroid. Then the locus of G as 1] moves parallel to 
itself is, as proved already by Newton, a straight line d, 
which may be called a diameter of A. The line is the linear 
polar with respect to A of the fixed infinite point of the 
system of parallel secants. 

If any ” curve-elements 71, Y2, ***, Yn are cut by a system 
of parallel secants, the corresponding ‘‘diametral locus” can 
be defined as the locus of the centroid G of the respective 
intersection-points p1, P2, ---, DP, of the given curve-elements 
with an arbitrary secant / of the given parallel system. The 
theorem proved in this paper is: Suppose that this dia- 
metral locus is a straight line for every system of parallel 
secants, then the curve-elements 71, 72, ---, Y. must belong 

to the same algebraic curve of degree n, possibly a reducible 
one. 

The corresponding theorem holds for » hypersurface- 
elements o1, o2, --*,¢, in Euclidean space of any number 
of dimensions. If the diametral! locus of these hypersurface- 
elements relative to an arbitrary system of parallel lines is 
a hyperplane, then the elements must belong to an algebraic 
surface of degree nu, possibly reducible. The author refers 
to a paper of Howard Levi [Bull. Amer. Math. Soc. 45, 
570-575 (1939); these Rev. 1, 9], the results of which are 
very special cases of the theorem of the present paper. In a 
concluding paragraph, sufficient conditions on the curve and 
hypersurface-elements are given under which the results of 
the paper are function-theoretically valid. E. Helly. 

Amodeo, Federico. Curve normali piane di gonalita k. 
Boll. Accad. Gioenia Sci. Nat. Catania (3), fase. 13, 41-44 
(1939). [MF 1852] 
A k-gonal (k-seitig) plane curve is one that has a g,' and 

contains no simply infinite linear series of lower degree. Any 
given algebraic plane curve is of gonality & for a certain 
value of k. This brief note consists chiefly of the statement 
of a theorem classifying k-gonal plane curves of order m and 
serves as an announcement of a forthcoming paper “Il 
problema della gonalita,” in which the theorem will be 

proved. T. R. Hollcroft (Aurora, N. Y.). 

Amodeo, Federico. I numeri p, nel nuovo metodo per 
la geometria delle serie lineari delle curve algebriche. 
Rend. Accad. Sci. Fis. Mat. Napoli (4) 10, 1-28 (1940). 
[MF 1855] 
In a former paper [Rend. Sem. Mat. Fis. Milano (4*) 9, 

1-24 (1939); these Rev. 1, 167] the author developed the 
theory of linear series on algebraic curves by geometric 
methods for curve systems whose double points are inde- 
pendent in position. The present paper deals similarly with 
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linear series on singular algebraic curves, the positions of 

pz of whose double points depend upon the positions of the 
others. The relation of p,. to the dimensions of systems of 
adjoint curves and other associated problems are treated. 

T. R. Hollcroft (Aurora, N. Y.). 

Rosenfeldt, Kurt. Uber algebraische Flachen mit Biischeln 

elliptischer Kurven. J. Reine Angew. Math. 182, 51-53 
(1940). [MF 2379] 
The author considers surfaces f(x, y, z)=0 containing a 

linear set of elliptic curves with at least one simple or double 
basis point. The object of the paper is the determination of 
the birational transformations which transform the surface 
into the form ¢?=f(é, 7). O. Ore (New Haven, Conn.). 

Gauthier, L. Une involution d’ordre deux représentant 
la variété cubique de V’espace 4 quatre dimensions. 

Acad. Roy. Belgique. Bull. Cl. Sci. (5) 25, 375-381, 518- 
529 (1939). [MF 2543] 

Godeaux, Lucien. Sur les involutions de genres un appar- 
tenant 4 une surface algébrique. Acad. Roy. Belgique. 
Bull. Cl. Sci. (5) 25, 308-313 (1939). [MF 2540] 

Sur les surfaces hyperelliptiques de 
Acad. Roy. Belgique. Bull. 

[MF 2539 ] 

Godeaux, Lucien. 

rang trois et de genres un. 

Cl. Sci. (5) 25, 291-307 (1939). 

Rozet,O. Sur une transformation birationnelle de l’espace. 
Acad. Roy. Belgique. Bull. Cl. Sci. (5) 25, 449-454 (1939). 

[MF 2546 ] 

Timms, G. On the highest space in which a non-ruled 
surface of given order can lie. Proc. Edinburgh Math. 
Soc. (2) 6, 149-150 (1940). [MF 2846] 

More than a half century ago, del Pezzo showed that a 
non-ruled algebraic surface of order m lies in a space of 
maximum dimension R such that R=n for n=9, n+4, and 

R<n for n=10. In the present paper, the exact value of R 
for a given 7 is found to be R= 1(2n)+2, n+ 1, 2, 3, 9, where 

I(x) denotes the integral part of x. An example is given of 
a rational surface of order m for which the maximum value 
R is attained. T. R. Hollcroft (Aurora, N. Y.). 

Morin, Ugo. Massima dimensione dei sistemi lineari di 

superficie algebriche dello spazio a curva caratteristica 
di dato genere. Rend. Sem. Mat. Univ. Padova 10, 
21-34 (1939). [MF 1745] 
Linear systems of maximum dimension were first treated 

by Jung and Castelnuovo a half century ago. These were 
linear systems of plane algebraic curves of given genus. In 

the present paper, a similar study is made of linear systems 
of maximum dimension r of algebraic surfaces of S; with 

irreducible characteristic curves of given genus z. In the 
discussion, it is assumed that r=2, since systems with 

rational and elliptic characteristic curves are known. The 
principal results are as follows: If the surfaces of the system 
are not monoids of the second species, r= 22+-5; if they are 

monoids of the second species and of index g, r=34r+6—2g, 
2qSr. T. R. Hollcroft (Aurora, N. Y.). 

Todd, J. A. Invariant and covariant systems on an alge- 
braic variety. Proc. London Math. Soc. (2) 46, 199-230 
(1940). [MF 1503] 
This paper contains important new notions and results 

connected with the general problem of intersections of alge- 
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braic varieties. Firstly, the ring of equivalence on an alge- 
braic variety is introduced ; this is a commutative ring whose 
elements are systems of equivalence, and in which the 
algebraic operation of multiplication corresponds to the 
geometrical operation of intersection. Next the varieties 
Mz+, Nz« are considered, upon a given V4 lying in [7] and 
having only normal singularities, that is, the loci of a point 
of Vz in which the tangent [d] lies in a prime through a 
fixed [r —d+-k—2] or meets a fixed [r—d—], respectively ; 
putting M,=N.z= Vaand supposing first r>2d, the M’s, N’s 
are thus defined for k=0, 1, ---,d and connected by the 
equivalences 

Naa Na-2 Na+ 

Na Nar Na-e+1 
(I) Mux = . e ° 

0 0 Naa 

Mis: Ma. Ma 

M: Mas oe 
Na+ = . . . 

0 0 Ma 

where the products are to be evaluated as intersections on 
Va; if r=2d and k>r—d, the geometrical definition of Na+ 
fails, but the system of equivalence {Na+} can be defined 
indirectly by using (1). In any case, if S denotes a prime 
section of Vz, the two systems of equivalence 

k 
Xa+=XaualLVaJ=>d (- 

i=0 

d—k+1+i ; 
»( PF) ate 189, 

k {d+k 
Your= VaulVaJ=>D ( ; Jove) 

i=0 

are invariant systems of V4, the first of which is the canonical 
system of dimension d—k [cf. J. A. Todd, Proc. London 
Math. Soc. (2) 43, 190-225 (1937) ]; they are connected by 
the relations 

k 

> (—1)*(Xa44i Vai) =0, 
i=0 

k=1, 2, tee, 

and the M’s, N’s are expressible as their functions in the 

following manner: 

k {d—k+1+i 
Mw=>d > _ (X a-44i5"), 

i=0 

k {d+k 
Nai=D 7 )(%ea89. 

i=0 

A nonsingular V, and a V, lying on it (which has only 
singularities appropriate to its dimension) being given, the 
systems of equivalence 

XLV. V-J= E(- 1)(Xeel Ve) YL V;)), 

VALVe, VeI=E (—1)( Yer Va) XLV) 
i=0 

are covariant systems of V, and V4, connected by 

d—k 

> oe 1)*( Xa Va, V,] 7 Yai Va, V,]) =(), 

i=0 

and satisfying the property of “section-invariance” ex- 

=| © © © wf = ra fa 
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pressed by 

XiL San, Ss J=(Sr-0-Xau[ Va, V-)), 

Y,[ Sz-s, S,.]= (S,-a° ViseL Va, V,)), 

where S,. is any (r—/)-dimensional variety of V, and 

Sz-x is its intersection with V4. If r=2d, Vz possesses a locus 

I’, of improper double points, of dimension h=2d—r, given 
by the equivalence [,=(Vz)?— Yil Va, V-]. If Vais a variety 
of [d+1] having only normal singularities, the locus Fy, 
of points of contact of tangents through a general point O 
of [d+1] which have (k+1)-point contact with Vz is ex- 
pressed by recurrence by 

k (k—1)! 
d+ = (Ua_iFae+i), 

im1 (R—1)! 

where 

in = ‘ (d+1 
Usi=D -»'(° I Jove) =E : Jr. 

l=0 l=0 

B. Segre (Cambridge, England). 

Differential Geometry 

Pauc, Christian et Vazsonyi, A. Sur les sommes d’arcs. 
Revue Sci. (Rev. Rose Illus.) 78, 101-103 (1940). 
[MF 1894] 
Une somme d’arcs est un continu qui est une réunion 

dénombrable d’arcs. Les auteurs prouvent qu’une telle 
somme d’arcs peut étre décomposée en arcs qui ont deux 
4 deux en commun au plus un nombre fini de points ou au 
plus des extrémités. Si tous les sous-continus d’une somme 
d’arcs sont des sommes d’arcs, elle est appelée une somme 
d’arcs héréditaire. Ayant communiqué un exemple de M. 
Nobeling qu’une somme d’arcs (méme en nombre fini) n’est 
pas nécessairement héréditaire, les auteurs étendent un 
théoréme de M. Harrold [Duke Math. J. 5, 111-117 (1939) ] 
montrant que la condition nécessaire et suffisante pour 
qu’un continu soit une somme d’arcs héréditaire est que 
ensemble de ses points de non morcellement local [cf. 
Menger, Kurventheorie, p. 164] soit dénombrable. Des 
exemples de sommes d’arcs héréditaires sont énumérés. 
Enfin, les auteurs étudient les sommes d’arcs du point de 

vue de la topologie combinatoire. P. Scherk. 

Pauc, Christian. Sur les possibilités de généralisation 
d’un théoréme de M. Marchaud. Revue Sci. (Rev. Rose 
Illus.) 78, 103-104 (1940). [MF 1895] 
D’aprés un théoréme de M. Marchaud [Mathematica 4, 

131 (1930) ] un continu euclidien C qui est rencontré en 
deux points au plus par toute périsphére de rayon limité, 
dont le centre est un point quelconque de C, est une courbe 
de Jordan rectifiable (ouverte ou fermée). L’auteur prouve 
que, si l'on suppose C non plus dans un espace euclidien 
mais dans un espace distancié quelconque, C est toujours 
une courbe de Jordan; il montre par un exemple dans 
l’espace de Hilbert que C n’est plus nécessairement recti- 
fiable. P. Scherk (New Haven, Conn.). 

Delvendahl, Otto. Die Singularititen der Elementar- 
kurven. J. Reine Angew. Math. 182, 54-59 (1940). 
[MF 2380] 
An elementary curve in the real projective -space is an 

n times differentiable curve which is the sum of a finite 

number of arcs of the (lowest possible) order n, that is, arcs 

which are met by no plane in more than n points. The author 
classifies the types of singular points of an elementary curve 
and indicates what types are transferred into each other by 
dualities. The methods and results are not new [see the 
papers of Linsmann, Denk and the reviewer quoted by the 
author ], but this paper contains the first proof of the last 
result. The ‘restrictions under which it is conducted can 
easily be removed. P. Scherk (New Haven, Conn.). 

Mirguet, Jean. Sur les paratingentes de rang strictement 
pair des orthosurfaces. C.R. Acad. Sci. Paris 210, 33-35 
(1940). [MF 1242] 
L’auteur démontre: En une point d’une orthosurface od 

le contingent est diédre ou plan, il ne peut exister plus de 
deux paratingentes de rang strictement pair. Les points od 
le contingent n’est ni plan ni diédre, étant des sommets au 
sens de M. Denjoy, forment au plus un ensemble dénom- 
brable. Il existe donc, en chaque point, sauf peut-€tre en 
ceux d’un ensemble dénombrable, au plus deux paratin- 
gentes de rang strictement pair. E. Blanc (Toulon). 

Bouligand, G. La géométrie des distances ou géométrie 
métrique générale (allgemeine Metrik) d’aprés l’ouvrage 
de M. Leonard M. Blumenthal. Revue Sci. (Rev. Rose 
Illus.) 77, 615-620 (1939). [MF 1677] 
A detailed review of “Distance Geometries” by Leonard 

M. Blumenthal [University of Missouri Studies, vol. 13, 
no. 2 (1938) ], in which Bouligand also compares his point 
of view with Blumenthal’s whenever there is a topic treated 
by both authors. H. Busemann (Chicago, Iil.). 

Narasinga Rao, A. Studies in turbine geometry. IV. The 
topology of oriented and non-oriented line elements in 
the inversive plane. Proc. Indian Acad. Sci., Sect. A. 11, 

491-496 (1940). [MF 2687] 
The results of this paper are known, seeing that the 

inversive plane is homeomorphic with the 2-sphere. 
H. Whitney (Cambridge, Mass.). 

Kasner, Edward. Equilong symmetry with respect to any 
curve. Proc. Nat. Acad. Sci. U.S. A. 26, 287-291 (1940). 

[MF 1808] 
For any given plane analytic curve C there is a unique 

reverse equilong transformation S* which leaves fixed the 
tangent lines of C. The author calls such a correspondence 
S* equilong symmetry. When the base curve C is a circle, 
the equilong symmetry is called K inversion; it is not the 
same as the Laguerre inversion. The product of two K 
inversions with respect to two circles is not a K inversion. 
Any such transformation is of the form X=x, Y=y+Ax* 

+kx-+l, where x, y denote equilong coordinates. The author 

calls such a correspondence a K translation, while equilong 
translation is given by X=x, Y=g(x). After this prepara- 
tion the author proves among others the following the- 
orems: Any K inversion carries any circle into a circle. 
Any K inversion is the product of three Laguerre inversions 
and any K translation is the product of two Laguerre 
inversions. T. Kubota (Sendai). 

Kasner, Edward and De Cicco, John. Equilong and con- 
formal transformations of period two. Proc. Nat. Acad. 
Sci. U. S. A. 26, 471-476 (1940). [MF 2477] 
The authors find that the equilong transformations of the 

plane may be classified into three types. They use hessian 
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line coérdinates, reduce their problem to the solution of 
certain functional equations, and exhibit a real explicit for- 
mula for each of the three types. Finally, they derive 
canonical forms, and deduce from these that the types are 

mutually exclusive. P. Franklin (Cambridge, Mass.). 

Kasner, Edward and De Cicco, John. Transformation 
theory of integrable double-series of lineal elements. 
Bull. Amer. Math. Soc. 46, 93-100 (1940). [MF 1253] 

The authors give some concepts in the geometry of lineal 

elements of three space. By a lineal element is meant a 
point and a direction through that point; it may be repre- 
sented by (x, y, z, p, g), where (x, y, z) are Cartesian coordi- 
nates and (1::q) are direction numbers. A set of ©! 
lineal elements is termed a series. A series may in general 
be looked upon as the configuration obtained by attaching 
to each point of a curve a single direction. However, there 
is a degenerate type of series called the point-union which 
consists of 2! lineal elements through a fixed point. A series 
is in general given by four arbitrary functions y=~(x), 
z=2(x), p=p(x), g=q(x). A union is a series which either 
consists of a curve together with the tangent directions of 
the curve or, as a special case, is a point-union. The neces- 

sary and sufficient conditions that a series be a union are 

dy/dx=p, dz/dx=q. A collection of «7? lineal elements 
is called a double series; it is obtained by attaching to 
each point of a surface a single direction. But there is a 
degenerate type of double series called the point-union 
double series consisting of 1 lineal elements starting from 
each surface element. A double series may be given by 

z=2(x,y), p=p(x, vy), g=4(x, y). It is called integrable if 
we can find ©! unions whose lineal elements coincide ex- 

actly with ©? lineal elements of a given double series. 
The necessary and sufficient condition that a double series 
be an integrable double series is that g= typ. Any 
lineal element transformation is given by five functions 
X =X (x, y, 2, P, g); , O=OQO(x, y, 2, p, g), with non-vanish- 
ing Jacobian. The principal result in this note is: The group 
of lineal element transformations which convert every inte- 

grable double series into an integrable double series is the 

group of extended point transformations. T. Kubota. 

¥*Lane, Ernest Preston. Metric Differential Geometry of 
Curves and Surfaces. The University of Chicago Press, 
Chicago, Ill., 1940. viii+216 pp. $3.00. 
As stated in the preface, the text under review is ele- 

mentary in its treatment, and is designed for first-year 
graduate students. Vector methods are not used. The six 

chapter headings are Curves, The Moving Trihedron, Sur- 

faces, Curves on Surfaces, Curvature, Transformation of 

Surfaces. 
The chapter on Curves treats of the usual materials on 

space curves: curvature, tension, Frenet formulas, intrinsic 

equations, power series expansions of the coordinates of a 
general point on the curve, the shape of a curve at an 
ordinary point on the curve. In the chapter on the Moving 
Trihedron, a general method due to Bliss of treating curves 
in one-to-one point correspondence is given and applied to 
involutes, evolutes, parallel curves, the transformation of 
Combescure and Bertrand curves. The method in brief con- 
sists in expressing analytically the relations between the 
coordinates (X, Y, Z) of a point Q referred to a given fixed 
coordinate system, and the coordinates (£, , ¢) of the same 

point Q referred to a system (the local or moving system) 
covariantly associated with the given curve at a point P. 

MATHEMATICAL REVIEWS 

These relations induce other relations between the direction 
cosines A, B, C of a line referred to the fixed system and the 

direction cosines a, b, c of the same line referred to local sys- 
tem. The chapter on Surfaces concerns itself with the first 
fundamental form, the tangent plane envelopes of one 
parameter families of surfaces, developable surfaces and 
other ruled surfaces. The chapter Curves on Surfaces dis- 
cusses minimal curves, angle between curves, area of sur- 

faces, the second fundamental form and asymptotic curves, 
the Gauss and Weingarten differential equations, conjugate 

nets, the lines of curvature and geodesics. In the chapter on 

Curvature, such topics as normal curvature, principal normal 
curvature, mean and total curvature, Dupin’s indicatrix, 

sections of a surface parallel to the tangent plane, geodesic 
curvature and torsion are discussed. The concluding chap- 
ter, Transformation of Surfaces, considers the general prob- 

lem of one-to-one point correspondence between surfaces 
and in particular special correspondence such as conformal 
representation, applicability, equiareal mapping and parallel 
surfaces. 

Definitions of those configurations which so permit are 
stated in projective form. Moreover, definitions of many 
configurations are so stated as to remain valid in hyper- 

space. There are over 325 problems scattered throughout 
the text which either illustrate or advance the theory. 

V. G. Grove (East Lansing, Mich.). 

Miyazaki, Sadataka. Doppelberiihrungslehre der Kurven 
zweiter Ordnung. II. Proc. Phys.-Math. Soc. Japan 
(3) 22, 399-423 (1940). [MF 2646] 

Part I appeared in Jap. J. Math. 16, 135-147 (1939) 
[these Rev. 1, 166]. There the author investigated certain 
systems of point-conics between which double contact exists. 
The results are transferred, in the present paper, to line- 
conics. The possibility that some of the conics involved 
may be degenerate is examined very carefully and the gen- 
eral theorems are formulated in a way to include all special 
cases. Many known theorems of projective geometry are 
obtained in that way. In the last chapter of the paper the 
author defines, in an axiomatic way, a “‘geometry of double 
contact.”” The conic is an undefined element and ‘‘double 
contact” an undefined relation between two conics. Some 
of the general theorems of the earlier chapters are chosen as 
axioms. This geometry is developed to some extent, and 
the relation to the theory of circles in non-Euclidean geom- 
etry is pointed out. E. Helly (Paterson, N. J.). 

Katsuura, Sutezo. Ein neuer Beweis des Vogtschen Satzes. 
Téhoku Math. J. 47, 94-95 (1940). [MF 2627] 
The author presents a simple proof of the following the- 

orem of Vogt [J. Reine Angew. Math. 144, 239-248 (1914) ]: 

If the arc AB has a positive curvature decreasing from A 

to B monotonically, and if the tangent of AB i in A A does not 

meet AB elsewhere, then the angle between AB and the 
line AB is greater in A than in B. P. Scherk. 

Whittemore, James K. Bertrand curves and helices. 
Duke Math. J. 6, 235-245 (1940). [MF 1555] 
It is proved that the coordinates of a Bertrand curve 

with the linear relation a/p+b/r=1 and an arbitrary 
spherical representation are given by the sum of the corre- 
sponding codrdinates of two curves of constant curvature 
p=a and constant torsion r=), respectively, which both 
have the same spherical representation. The helices on any 
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surface of revolution, the axis of the helix coinciding with 
that of the surface, are given by a quadrature. The integra- 
tion is carried out for the paraboloid and some of the helices 
of the hyperboloid. J. Haantjes (Amsterdam). 

Maeda, Jusaku. Une propriété caractéristique des courbes 
gauches dont les courbures projectives sont constantes. 
Téhoku Math. J. 47, 74-76 (1940). [MF 2624] 
L’auteur vérifie la proposition suivante: Donnée une 

courbe gauche autre qu’une cubique. Une droite par un 
point mobile de la courbe, différente de la tangente, soit fixe 

projectivement par rapport au tétraédre normal (ou au 
tétraédre fondamental). Si la droite engendre une surface 
développable, la courbure projective de la courbe est con- 
stante. Réciproquement, si cette courbure est constante, il 

y a des droites avec ces qualités. La totalité de ces droites 
est characterisée. P. Scherk (New Haven, Conn.). 

Maeda, Jusaku. On the section of a surface by a variable 
plane passing through a fixed tangent line. Téhoku 
Math. J. 47, 58-68 (1940). [MF 2623] 
Cutting a given surface by the planes through a fixed 

non-asymptotic tangent, the author considers various oscu- 
lating curves of the curves of intersection—parabolas, equi- 
lateral hyperbolas, certain conics with four-point contacts, 
and equiangular spirals—and determines some geometrical 
loci connected with them. The verifications are elementary. 

P. Scherk (New Haven, Conn.). 

Maeda, Jusaku. Sur la podaire d’une hypersurface dans 
espace euclidien 4 m dimensions. Téhoku Math. J. 
46, 360-384 (1940). [MF 2448] 
This paper deals with transforms of a hypersurface in 

Euclidean n-space of three types: (a) pedal, (b) inversion, 
(c) reciprocation. Most of the results are classical for a 
surface in E;. The method consists of expressing the coeffi- 
cients of the three quadratic forms of the transform in terms 
of those of the original hypersurface. This leads to some 
interesting geometrical invariants under the three types of 
transformations. M. S. Knebelman (Pullman, Wash.). 

Zito, Ciro. Reti di Voss a curvatura nulla di un S, euclideo. 

Atti Accad. Peloritana 41, 44-47 (1939). [MF 1325] 
The author considers surfaces of Voss of curvature K =0 

in an euclidean S,. It is proved that the geodesic conjugate 
lines are orthogonal and that the conical section of Kom- 
merell reduces to a pair of orthogonal lines [cf. R. Calapso, 
Rend. Sem. Mat. Roma 2 (1938) ]. J. Haantjes. 

Gheorghiu, Gheorghe Th. Une nouvelle démonstration du 
théoréme d’Enneper. Mathematica, Cluj 16, 87-90 
(1940). [MF 2488] 

Choudhury, A.C. Onaffine motion. Bull. Calcutta Math. 
Soc. 31, 101-124 (1939). [MF 2232] 
The author has discussed in a previous paper a type of 

| affine motion of one curve ¢: on another curve ¢; which he 
) calls ‘affine rolling of the first kind,’’ and which is deter- 

! 

: 
a 

mined by the fact that at every instant the affine tangents 
and normals of the two curves are coincident. In the present 
paper he defines and gives properties and examples of two 
other kinds of affine motions. ‘Affine rolling of the second 
kind” has the properties that the affine tangents of the two 
curves are coincident at every instant, while the affine 
normal to ¢; is oppositely directed to that of cz. In the case 
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of “affine sliding,” both the affine tangent and normal of c; 
are oppositely directed to those of cz. Employing the meth- 
ods of differential geometry, the author develops properties 
of these kinds of motion which he demonstrates to be both 
necessary and sufficient conditions, conditions depending 
on the existence of points which are momentarily at rest 
during the motion. In the latter part of the paper, the 
author studies composed rolling: cz rolls on ¢, Cz is in the 

plane of cz and so moves with it, ¢c, rolls on c3, and all these 

affine rollings are of the first kind. Several kinds of possible 
motions of the plane of c, are determined and examples 
exhibited. J. W. Green (Rochester, N. Y.). 

Weitzenbick, R. Zur projektiven Differentialgeometrie 
der Regelflaichen im R, I. Nederl. Akad. Wetensch., 

Proc. 43, 440-448 (1940). [MF 2254] 
In the last few years the author has given a series of 

contributions to the theory of the projective invariants of 
the straight line in R,. He uses symbolic methods exten- 
sively, especially “‘complex-symbols” introduced by himself 
into invariant-theory [cf. Weitzenbiéck, Invariantentheorie, 
1923; also these Rev. 1, 157, 166, 263, 270]. 

In this paper the author gives formulas which are impor- 
tant for the investigation of projective properties of the 
neighborhood of a general point on a analytic ruled surface 
F of an R,. F is defined as a set of ©! straight lines, the 

coordinates of which are power series of a complex param- 
eter ¢: 

t 2 
aix(t) =dat— (adie + eaat -++, t£k= 

A further notation used systematically is Mj, , to denote the 
system of the five expressions 

(Mj, oi = CL (ap) 23() 4s; 
(Mp, ¢)2= D+ (Gp) 13(@g) as, 

i re 

The quantities a(t), being line-coordinates, satisfy a sys- 
tem of quadratic equations given by M¢,o=0. A system of 
relations between the quantities M;,, is found by develop- 
ing M},o with respect to the parameter ¢. An expression is 
called a projective differential-invariant of F if it has 3 
kinds of invariance : (1) It is invariant under the projective 
transformations of the Ry. This invariance is evident by the 
symbolic form of the expression. (2) It is invariant under 
the transformations of the parameter ¢. (3) It is invariant 

under the transformation ag=A(é)au. The author gives 
the formulas for the transformation of the coefficient of 
ax(t) and of the quantities Mj, ., when the transformations 
(2) and (3) are applied. These formulas are used to prove 
that certain expressions are differential-invariants. No gen- 
eral method to form such invariants is given. In the con- 
cluding chapter the author gives the differential-invariants, 
the vanishing of which is characteristic for the fact that a 
given ruled surface is developable, or a cone, or is situated 

in a space of less than four dimensions. E. Helly. 

Takeda, Kusuo. On fine congruences. 
Math. J. 46, 267-283 (1940). [MF 2441] 
The author continues his study by the methods used in 

his first three papers [ cf. these Rev. 1, 170]. In particular, 
he defines a certain pair of cubic complexes associated with 
a general line of the congruence, and discusses the con- 

gruences when particular conditions are imposed on these 
complexes. V. G. Grove (East Lansing, Mich.). 

IV. Téhoku 
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Bell, Philip O. Projective analogues of the congruence 
of normals. Amer. J. Math. 62, 680-686 (1940). 
[MF 2465] 
The purpose of this paper is to characterize geometrically 

a general R conjugate congruence discussed by the reviewer 
[Bull. Amer. Math. Soc. 36, 582-586 (1930) ]. Let w; be a 
covariant point not in the tangent plane x to S at y. Let w2 
be a second point whose coordinates depend on those of 
w;, and y by the formula w.=w,+Ry, where k is a non-zero 

constant and R is an invariant. As y moves along a curve 
C on S the points w; and w; describe curves whose tangent 
lines intersect x in the points of a line r. The line r intersects 
the tangent ¢ to C at y in a point v. The locus of » as ¢ varies 
through the pencil with center y is a straight line 1. Let u 
denote the intersection of | with the reciprocal s of the line 
WW. The harmonic conjugate of the line joining y to u with 
respect to 1 and s is the R harmonic line defined by the 
invariant R. The reciprocal of the R harmonic line is the R 
conjugate line. Moreover, the R conjugate line is the cusp 
axis of y of the extremals of the invariant integral f (Rv’)'du. 
Special conjugate congruences are derived by choosing 
Wy, W2 in a particular manner. It is shown that R conjugate 
congruences may be associated with a one-parameter family 
of curves on S. V. G. Grove (East Lansing, Mich.). 

Tikhotzky, C. Sur la déformation et la transformation K 
des congruences. Rec. Math. [Mat. Sbornik] N.S. 
5 (47), 297-305 (1939). (French. Russian summary) 
[MF 2300] 
This paper applies Fubini’s and Cartan’s definition of 

applicability to the rectilinear congruences of the Euclidian 
space. In this paper the author gives two definitions of 
applicable congruences : the former is analogous to the defi- 
nition of analytical applicability of G. Fubini, the latter 
to the definition of geometrical applicability (conformal 
correspondence in the theory of surfaces). Two congruences, 
which are applicable according to the first definition, are 
identical ; and this definition can consequently be neglected. 
On the contrary it is possible to find a couple of congruences, 
applicable according to the second definition, and depending 
on an arbitrary function of two variables. But the congru- 
ences of these couples are not general congruences. 

G. Fubini (Princeton, N. J.). 

Finikoff, S. Sur le réseau des lignes doubles dans la 
correspondance ponctuelle de deux surfaces et sur la 
correspondance A des surfaces. Rec. Math. [Mat. 
Sbornik | N.S. 6 (48), 475-520 (1939). (French. Russian 
summary) [MF 1950] 
Let there be given two surfaces S and S’ in one-to-one 

point correspondence. Lane has shown [Projective Differ- 
ential Geometry of Curves and Surfaces, The University of 
Chicago Press, p. 180] that, if the tangent planes to the two 
surfaces S and 5S’, immersed in a space of m dimensions 
(n=3), intersect in a line, there exists two one-parameter 
families of curves N and N’ on S and 5S’, respectively, such 
that at every point P of S the tangent to each of the two 
curves of N at every point P of S intersects the tangent to 
the corresponding curve of N’ at the corresponding point 
P’ of S’. In the particular case in which N and N’ form 
conjugate nets, S and S’ are said to be in relation F. This 
relationship has been studied by Eisenhart, Jonas, Lane 
and others. The case in which N and N’ are non-conjugate 
has been studied by the reviewer [Trans. Amer. Math. Soc. 
30, 483 (1928) ]. The author seems to be unaware of this 
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literature ; accordingly, not all the results are new, but they 
are proved with new methods. 

The author discusses the particular case in which S and 
S’ are immersed in the same space of three dimensions. He 
based his discussion analytically on a completely integrable 
system of differential equations of the form 

4 

dM;=> wi#dMi, 
k=1 

4=1,2,3,4,§ 

wherein M; are functions of two variables u and v and | 
w;*=a;*du+b*dv. If the surfaces S and S’ are so related § 
that the asymptotic tangents at corresponding points inter- | 
sect, S and S’ are said to be in a correspondence A. In this | 
case, the curves on S and S’ which correspond to the de- 
velopables of the congruence of lines joining corresponding 
points of the surfaces coincide with the curves correspond- 
ing to the developables of the congruences of lines of inter- & 
section of corresponding tangent planes. This is a special 
case of a more general transformation called by the reviewer | 
the transformation L [loc. cit., p. 487]. Considerable atten- 
tion is paid to the problem : Given an arbitrary surface S, 
how arbitrary is the surface S’ if the correspondence be- 
tween S and 5S’ is specified in a particular manner, say to 
be a correspondence A ? 

The paper under review gives the results published by 
the author in the Atti Accad. Naz. Lincei. Rend. 20, 164— 
168 (1934) ; 21, 85-87 (1935), and in Atti Accad. Sci. Torino . 

70, 212-219 (1935). V. G. Grove (East Lansing, Mich.). 

Blaschke, Wilhelm. Topologia differenziale 0 geometria 
dei tessuti. Atti Accad. Peloritana 41, 93-116 (1939). 
[MF 1329] 
“Riassunto di alcune conversazioni tenute dall’autore 

durante il meso di marzo 1939 all’Istituto di Matematica di 
Messina.” ““L’autore espone alcuni punti fondamentali della 
geometria dei tessuti, sviluppata da lui e dai suoi allievi nei 
recenti studi della scuola di Amburgo.” M. A. Zorn. 

Mayer, A. De trajectoires sur les surfaces orientées. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 24, 673-675 
(1939). [MF 2059] 
Let S, be a closed orientable analytic surface of genus n 

embedded in Euclidean 3-space. The system du/di= F(u, »), 
dv/dt=G(u, v), where (u, v) are local coordinates on S, and 

various regularity conditions on the functions F and G are 
assumed, defines a system of trajectories on S,. Under 

et SRE 

oe ere 

Ee 

assumptions as to the finiteness of the number of equilib- | 
rium points and certain other special types of trajectories, J 
the author announces nine theorems effecting an analysis of 
the topological properties of the trajectories on S,. For 
example, theorem III states that there cannot exist more 
than m non-closed semitrajectories which are stable in the 
sense of Poisson and such that no one of them is a limit 
trajectory of any other. The final theorem states that S, 
can be divided by trajectories into domains of the following 
types: (1) domains made up of non-closed orbitally stable 
trajectories (a trajectory T is orbitally stable if, correspond- 
ing to any point P on T and e>0, there exists a 6>0 such 
that all the trajectories which traverse an ¢-neighborhood 
of P lie in a 5-neighborhood of T); (2) domains made up of 
closed trajectories; (3) domains in which non-closed trajec- 
tories which are stable in the sense of Poisson are every- 
where dense. G. A. Hedlund (Charlottesville, Va.). 

A. 

(b) t 
first 

const 

the p 
In o1 

Prop 

The: 

integ 
tions 

and r 



1ey | 

ble 

and © 

ter- 

ling © 
nd- F 
ter- 

cial 

wer 

ten- 

e S, 
be- 

y to; 

| by 

rino 

stria 

139). 

tore 

ra di 

lella 

i nei 

tées. 

-~675 

us 1 
u,v), 

and 

7 are 

nder 

1ilib- 
ries, 

sis of 

For 

more 
1 the 

limit 

it S, 

wing 

table | 

yond- 
such 
hood 
up of 
-ajec- 
very- 
2.). 

Gericke, H. Zur Differentialgeometrie von Flachen im 
n-dimensional euklidischen Raum. Adjungierte Extre- 
malflichen. Math. Z. 46, 408-459 (1940). [MF 2407] 
With every minimal surface S in a Euclidean 3-space Ez, 

| there is associated another (adjoint) minimal surface 5 so 

) that the following classical relations hold: (a) S and S are 
applicable upon each other ; (b) the tangent planes at corre- 
sponding points are parallel; (c) the corresponding lineal 
elements of S and S§ are mutually orthogonal; (d) the lines 

of curvature of S(S8) correspond to the asymptotic lines of | 
| §(S). Haar and Berwald have shown that a similar theory 

exists for the extremal surface S in EZ; of any double integral 
this problem V which involves only the first derivatives of the 

» unknown functions and is independent of the choice of 

parameters. In the Haar-Berwald theory, an adjoint varia- 
tion problem V and an adjoint extremal surface S are de- 
fined. Properties analogous to (c) and (d) are true for S and 
S. Furthermore, a metric may be defined on S and S so 
that (a) holds and the integral of V is the surface area of S 

according to this metric. The author extends the Haar- | 

Berwald theory to the case of a double integral problem in 
E, (n=3). In the course of the paper a number of geometric 
results concerning “‘asymptotic lines,”” “principal tangent 
lines” and “‘lines of curvature” of a surface in E, are de- 
rived. The methods are based upon Grassmann’s tensor 
calculus. A. Fialkow (Brooklyn, N. Y.). 

Douglas, Jesse. A new special form of the linear element 
of a surface. Trans. Amer. Math. Soc. 48, 101-116 

(1940). [MF 2508] 
The author considers three properties of systems 2 of »? 

curves on a given surface S. (1) The curves are geodesics. 
(2) The system is linear (in other words, it is possible to 

choose curvilinear coordinates u, v on the surface such that 
the equation of the curves of 2 is au+bv+c=0, with 

a, b, c=const.). (3) The angular excess E of any triangle 
ABC formed by three curves of = is proportional to the 
area a of the triangle 

E=A+B+C—7r=khka, 

The author states three problems: the problems of finding 
all the configurations of a surface S and a system 2 such 
that the curves of = have on S (a) the properties (1), (3); 

(b) the properties (1), (2); (c) the properties (2), (3). The 

first two problems are classical and lead to the surfaces of 
constant curvature and their geodesics. The author studies 
the problem (c), which leads to more general configurations. 
In order to solve it, he starts from the known formula: 

ds 
f =+f [xdo-44+B+C-2=8. 

es P go 

Property (3) leads to the equality 

F=f fe-mcec— Py aude 

The author transforms the second integral into a curvilinear 
integral {,(Pidu+(Q,dv), by supposing that P,, Q; are func- 
tions satisfying the equation 

80, oP; 
———=(k—K)(EG-— F*)}, 
ou a 

k=const. 

| and remarks that property (3) is satisfied if and only if 

ds dr Ad 
—— (P,du+(Q,dv) =—du+—dv, function of u, », 
p ou ov 
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is an exact differential. Besides this condition the author 
imposes the additional property (2) of linearity. He first 
develops the calculations by supposing that u, » are minimal 

coordinates (E=G=0), and afterwards in the most general 

case. He gives also a geometrical construction of the systems 
Z (on a given surface S) which have property (3), and 

finishes by stating the analogous problems for spaces of 
n> 2 dimensions. G. Fubini (Princeton, N. J.). 

Efimoff, N. Déformation de voisinage d’un point para- 
bolique d’une surface. Rec. Math. [Mat. Sbornik] N.S. 
6 (48), 427-474 (1939). (Russian. French summary) 
[MF 1949] 
Dans un mémoire récent [Compositio Math. 5, 239-283 

(1937) ] Schilt a étudié la déformation du voisinage (a cour- 
bure négative) d’un point parabolique isolé. Il a introduit 
la notion de l’index du point parabolique (Ordnung des 
Sattelpunktes) qui est l’invariant de la déformation con- 

tinue et a démontré |l’existence des surfaces isométriques 
aux index différents. L’auteur de Il’article en poursuivant 
l’étude de Schilt a introduit la notion de I’index de Cohn- 
Vossen qui s’étend aux points paraboliques a voisinage de 
courbure positive ou situé sur une ligne parabolique. Il a 
donné une démonstration nouvelle du théoréme fondamen- 
tal de Schilt et l’a généralisé aux points paraboliques 
arbitraires, 4 moins que la ligne d’intersection de la sur- 

face avec son plan tangent n’a pas de tangentes réelles 
multiples. Le fin de l'article est consacré a l'étude des 
surfaces relativement indéformables d’ordre h (la déforma- 
tion continue ne dérange pas les premiéres h+1 formes 
homogénes du développement de Il’équation de la surface 
z=f™ (x, y) +feM(x, y)+---). S. Finikoff (Moscou). 

Efimov, N. Déformation d’une surface au voisinage d’un 
point parabolique. C. R. (Doklady) Acad. Sci. URSS 
(N. S.) 25, 179-181 (1939). [MF 2065] 

Court résumé de quelques résultats du mémoire de la 
compte rendue précédante. S. Finikoff (Moscou). 

Zhitomirsky, O. K. Sur la non-flexibilité des ovaloides. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 25, 347-349 
(1939). [MF 2070] 
Der Beweis des Kongruenzsatzes der Eiflachen: “Zwei 

(analytische) isometrische Eiflachen sind kongruent,” so wie 
er von Cohn-Vossen gefiihrt worden ist [Nach. Ges. Wiss. 
Géttingen. Fachgruppe I. 1927, 125], beruht auf zwei Hilfs- 
sdtzen : (A) die Kongruenzpunkte, die zu einer isometrischen 
Abbildung zweier positiv gekriimmter (analytischer) Fla- 
chenstiicke gehéren, sind isoliert (oder die Flachenstiicke 
sind kongruent) ; (B) der Index eines Kongruenzpunktes in 
Bezug auf das Netz der Kongruenzrichtungen ist nicht- 
negativ [vgl. auch die vereinfachte Darstellung bei Hopf- 
Samelson, Math. Z. 43, 749-766 (1938) ]. Diese beiden 
Hilfssatze werden, mit Hilfe der Gauss-Codazzi’schen Glei- 
chungen, elementarer, direkter und kiirzer bewiesen als bei 
Cohn-Vossen und bei Hopf und Samelson. 

H. Samelson (Ziirich). 

Lense, Josef. Liangentreue Abbildung, isotrope Mannig- 
faltigkeiten vom Rang Null, Einbettungssatz. Jber. 
Deutsch. Math. Verein. 50, 1-6 (1940). [MF 2768] 
The author studies the analogies and the differences be- 

tween his investigations on isotropic varieties and Bom- 
piani’s papers on the applicabilities of kind k (k2=1) of two 
real varieties. He also points out the close connection be- 
tween these problems and the “Einbettungsatz,” according 
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to which every differential quadratic form of first order is 
the linear element of a variety of an Euclidean space of a 
sufficiently great number of dimensions. G. Fubini. 

Pinl, M. Zur Theorie der halbisotropen Filachen in 
Ry Jber. Deutsch. Math. Verein. 50, 65-78 (1940). 

[MF 2775] 
Consider an Euclidean space of m dimensions with Car- 

tesian coordinates x‘ (i=1, 2, ---, 2). Suppose that the x‘ 

are functions of two complex variables uz (a=1, 2) such 
that the point x generates a surface. The author considers 
the linear element of this surface, and supposes that the 
matrix of its coefficients yas (a, 8=1, 2) possesses a rank 

p<2. If n=3, this rank p=1 and the author studies the 

corresponding surfaces and their asymptotic lines. If n=4, 
the rank p is equal to 1, or to zero. The author also con- 
siders (if n»=4) the range o of the matrix 

Ox* 
%.i= ‘ 

Oe 

02x' 

(x1", x2", wis, x42, x42), xia= aad 

OU gOUg 

and the range 7 of the matrix |Ga.as|, in which Gag are de- 
terminants: 

Gu= (x1, X2, X11, X12), Gyu= (x1, X2, X11, X22), 

Go2= (1, X2, X12, X22) ; 

the possible cases are p=1, o=4, r=1 or r=2; p=1, r=0; 

o=2 or c=3; p=r=0; o=2. In every case he proves the 
existence of the corresponding surfaces. If r=2, the author 
considers other tensors of these surfaces; all these tensors 

are deduced by starting from Kommerell’s tensor 

Gagdu*du® 
Aagdu*dus =—_—_______ 

(GiGe2— Gi) 
G. Fubini (Princeton, N. J.). 

Wong, Yung-Chow. On the Frenet formulae for a V,, ina 
V,. Quart. J. Math., Oxford Ser. 11, 146-160 (1940). 
[MF 2613] 
Several authors have generalized the Frenet formulae to 

the case of an m-dimensional Riemannian manifold V,, in 
an n-dimensional Riemannian manifold V,. These formulae 

are rather complicated and it is difficult to read a geometri- 
cal meaning into them. The present paper represents such 
an attempt. The author defines the angle between two 
consecutive local manifolds R,, in a given direction and 

establishes relations which can be taken as generalizations 

of Lancret’s theorem for curves. These relations also allow 

a more geometrical approach to the successive curvature 

tensors H. D. J. Struik (Cambridge, Mass.). 

Copson, E. T. and Ruse, H. S. Harmonic Riemannian 
spaces. Proc. Roy. Soc. Edinburgh 60, 117-133 (1940). 
[MF 2433] 
The authors study Riemannian V, in connection with the 

fundamental solution of the corresponding equation A,u=0, 
where A; stands for the second differential parameter. V, is 

said to be (centrally) harmonic with respect to the base- 
point O if for the geodetic distance s from O the value of 
Ass is a function of s alone. V, is completely harmonic if it 

is harmonic with respect to every point. It is easily seen 
that the fundamental solution of A,u=0 with the pole at O 
depends on s alone if and only if V, is harmonic with respect 
to O. It is shown that in this case the distance-hyperspheres 
with O as centre have constant mean curvature, and that 
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the curvature tensor satisfies at O the Einstein equations. fs 
If the fundamental tensor is of the form \*}°(dx,)? with Aj 
depending on >-x? alone, the space is centrally harmonic; 
the converse, however, is not true. Every completely har- 
monic V2 or V3 is of constant curvature. 

The further assertion, that a V2 which is harmonic with 
respect to two points is completely harmonic, is erroneous ~ 
(contradicted, for example, by a rotational ellipsoid). 

W. Feller (Providence, R. I.). 

Thomas, T. Y. Some simple applications of Green’s the- 
orem for compact Riemann spaces. Téhoku Math. J. 
46, 261-266 (1940). [MF 2440] 
The Laplacean being a negative semidefinite Hermitian 

operator, the author shows that on a compact Riemannian 
space R the only solutions of the equation (*) AT.s=0 are 
T.8,7=0. Hence, using a result of his own, the author con- 
cludes that (*) admits a solution other than the fundamental 
tensor if and only if the space is reducible. The author 
discusses the totality of solutions of (*), and he also reaches 
the conclusion that, for two oriented R of equal dimension 

and zero Gaussian curvature, conformal equivalence implies 
equality of fundamental tensors. S. Bochner. 

Allendoerfer,CarlB. The Euler number of a Riemann mani- 

fold. Amer. J. Math. 62, 243-248 (1940). [MF 1761] 
Fiir jede Riemannsche Metrik gerader Dimension n wird 

ein Kriimmungs-Skalar K angegeben, welcher folgende Ei- 
genschaft hat: Ist R, eine geschlossene u-dimensionale 
Mannigfaltigkeit mit einer Metrik, welche durch Einbettung 
von R, in den euklidischen Raum E,,, gegeben ist, so ist 
das iiber R, erstreckte Integral von K gleich der Eulerschen 
Charakteristik von R, multipliziert mit der Halfte der Ober- 
flache der n-dimensionalen Sphare vom Radius 1. Fiir den 
Beweis betrachtet man eine (n+q—1)-dimensionale Réhre, 
welche eine Umgebung von R, im E,,, begrenzt, und wendet 
auf sie den fiir Hyperflachen schon bekannten Spezialfall 
des zu beweisenden Satzes [H. Hopf, Math. Ann. 95, 340- 

367 (1925) ] sowie die Weylsche Volumenberechnung von 
Réhren an [Weyl, Amer. J. Math. 61, 461-472 (1939) ]. 

H. Hopf (Ziirich). 

Fenchel, W. On total curvatures of Riemannian mani- 
folds: I. J. London Math. Soc. 15, 15-22 (1940). 
[MF 2579] 
Let V, be any closed orientable Riemannian manifold of 

class C* which may be embedded in a C* manner in Eu- 
clidean space of a finite number of dimensions. If x is the 
Euler-Poincaré characteristic of V,, w, the area of the unit 
n-sphere, the author presents an intrinsic scalar of V,, its 
Lipschitz-Killing curvature K, such that 

f Kdo=}3xwn, 
Va 

an extension of the Gauss-Bonnet formula. If m is odd, K 

vanishes identically, and the formula is trivial, for the” 

characteristic also vanishes. If m is even and locally the” 
V, may be embedded in Euclidean (m+1)-space, K agrees 
with the Gauss curvature of V,. The theorem is proved by 
using a result concerning the integral of the Gauss curva- 
ture of a closed hypersurface of an odd dimensional Eu-) 

clidean space due to H. Hopf and by using the definition of § 
the Lipschitz-Killing curvature. No results are obtained for 
manifolds which are not embedded in some Euclidean space! 
of a finite number of dimensions. 
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) belonging to a space of m >3 dimensions. 

C. B. Allendoerfer has recently obtained similar results 
[cf. the preceding review]. Allendoerfer, however, says 
nothing about his integrand being an intrinsic scalar of the 
Riemannian manifold. 

C. B. Tompkins (Princeton, N. J.). 

Saté, Sabur6é. Die projektive Differentialgeometrie als 
eine Verallgemeinerung der N. E. Differentialgeometrie. 
Il. Kurventheorie im Raume. Téhoku Math. J. 46, 
181-233 (1940). [MF 2436] 
The author develops for skew curves a theory analogous 

to the theory which he developed in a former paper [T6hoku 
Math. J. 45, 13-57 (1938) ] for plane curves. He does not 
study the curve C itself but chooses for every point A of C 
a nondegenerate quadric Qa, not passing through A, and 
studies the system formed by the points A and correspond- 
ing quadrics Q,. If & (¢=1, 2,3, 4) are projective homo- 
geneous coordinates, the coordinates of A are some func- 
tions §'=x‘(c) of a parameter oc. If }ant*#*=0 is the 
equation of Qs, the a% are functions of o, and one can 
suppose |a%|=-+1. The author supposes }-aux‘x* >0, and 
writes }-ayx‘x* = K*(c). In this way he associates with the 
point A and the quadric Q4 a function K(c), which can be 
chosen arbitrarily. Then he sets 

1 
(é, = i, ji, » oi a. 4, n) Ko) j 

The importance of this quantity in the non-Euclidean geom- 
etry defined by Qu is well-known. For every point x of C 
the author chooses the point ¢ on the tangent line, the point 

z on the corresponding osculating plane, the point y in the 
space such that 

(tt)=(22)=(y y)=1; 
(x t) = (x 2) =(¢2)=(x y) =(¢ y) =(¢ y) =0. 

The point y is the pole of the osculating plane with respect 
to the quadric Q4; the point z is the pole of the tangent line 
with respect to the conic defined as the intersection of Qa 
with the osculating plane; the point ¢ is the point of the 
tangent line which is conjugate to x with respect to Qua. 
The parameter u defined by the equation 

J dx =) 
du= (— (==). do 

do = (= 

is called the P-length of the arcs of C. Supposing =u 
+const., the author generalizes Frenet’s formulae by writ- 

ing the derivatives of x, y, z, t with respect to u=0@-+-const. 
as linear combinations of the same variables x, y, 2, t. He 
then expands each of these variables in a series of powers of 
u, and makes some geometrical applications to the oscu- 
lating sphere, to the Hauptnormalquadric (which contains 
three consecutive principal normals), and so on. By a suit- 
able choice of the quadric Q,4 he can define the projective 
curvature of C and interpret it geometrically. A description 
of the relationship between his formulae and those of Fubini 
(and Sannia) is also given. The author arrives at the affine 
geometry by supposing that Qa is a quadric such that the 
polar plane of A with respect to Qa is a given invariable 
plane in the space (improper plane). The last part of the 
paper generalizes the theory of the evolute and the theory 
of Bertrand’s curves, and says a few words about the curves 

G. Fubini. 
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Fialkow, Aaron. The conformal theory of curves. Proc. 
Nat. Acad. Sci. U. S. A. 26, 437-439 (1940). [MF 2349] 

A number of results are announced on the properties of 
a curve in a Riemann space V,, which are invariant under 

conformal transformations of the space. The use of dimen- 
sions exceeding 2 makes possible a nondegenerate theory 
for a single curve, in contrast to Kasner’s theory of horn 

angles in two dimensions. P. Franklin. 

Yano, Kentaro. Sur quelques propriétés conformes de V; 
dans V,, dans V,. Proc. Imp. Acad. Tokyo 16, 173-177 
(1940). [MF 2501] 
Let Vi, Vm, V, be Riemannian spaces of which V; is a 

subspace of V,,, and V,, of V,, 2=l<m<n. The author 
uses the relation which holds between the Euler-Schouten 
tensor of V; with respect to V,,, of V; with respect to V,, 
and of V,, with respect to V,, to obtain a relation joining 
the three corresponding conformally invariant tensors, the 
identical vanishing of which represents the property that 
the subspace is totally umbilical in the containing space. 
From this latter relation he obtains the following results. 
If V; is totally umbilical in V,,, and V,, is totally umbilical 
in V,, then V; is totally umbilical in V,. If V; is totally 
umbilical in V,, then V; is totally umbilical in V,.. The 

intersection V,_2 of two totally umbilical subspaces V,_,; 
and *V,_; of V, also is totally umbilical in V,. 

E. F. Beckenbach (Ann Arbor, Mich.). 

Sasaki, Shigeo and Suguri, Tsuneo. On the problems of 
equivalence of plane curves in the Lie’s higher circle 
geometry and of minimal curves in the conformal geom- 
etry. Téhoku Math. J. 47, 77-86 (1940). [MF 2625] 
The equivalence problem for plane curves in Lie’s higher 

circle geometry is solved. The authors derive a system of 
equations analogous to the Frenet formulae. These equa- 
tions introduce an “arc length”’ ¢ and a “curvature” k which 
are invariant with respect to Lie transformations. Then two 
plane curves C and C’ are equivalent by means of a Lie 
transformation if and only if the equations k(c)=k'(o’), 
o’ =a+constant, are compatible. A. Fialkow. 

Kanitani, Jéy6. Surl’aréte de Green d’une surface plongée 
dans un espace 4 connexion projective. Proc. Phys.- 
Math. Soc. Japan (3) 22, 343-358 (1940). [MF 2372] 
Green has defined a line which is intrinsically connected 

with any surface in a 3-dimensional projective space. It is 
shown that a line may similarly be defined for a surface in 
a 3-space with a projective connection and that this line has 
properties analogous to those of Green’s line. 

A. Fialkow (Brooklyn, N. Y.). 

Kosambi, D. D. Path-equations admitting the Lorentz 
group. J. London Math. Soc. 15, 86-91 (1940). 
[MF 2517] 
A general second order path-space of four dimensions 

(paths given by #+a(x, )=0) is regarded as the universe 
and its world lines. The requirement of invariance under 
the rotation group leads to the general form of the equations 
of Lorentz-invariant paths. It involves arbitrary functions 
of the three first order absolute invariants of the group. 
Invariances under Lorentz group plus similitudes and under 
Lorentz group plus similitudes and translations give two 
additional forms, the first corresponding to Milne’s expand- 
ing universe, the second to special relativity. The three 
corresponding forms are derived for the case in which the 
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parameter on the paths is the time coordinate, in order to 
include world structure deducible from three dimensional 
observations only. The case corresponding to the Milne 

universe is studied further with regard to existence and 
form of metric. J. L. Vanderslice (Bethlehem, Pa.). 

Kawaguchi, Akitsugu. Die Differentialgeometrie héherer 
Ordnung. I. Erweiterte Koordinatentransformationen 

und Extensoren. J. Fac. Sci. Hokkaido Imp. Univ. Ser. 
I. 9, 1-152 (1940). [MF 2191] 
A good deal of work in modern differential geometry can 

be traced to problems in the calculus of variations. The 
numerous generalizations of these problems have led to the 
study of differential invariants under the Gth extension of 

the analytic group of m dimensions. In this extended work 
the author considers operations on extensors which produce 
extensors. The work is mainly formal. It contains at the 
end a fairly complete bibliography of the past 20 years. 

M. S. Knebelman (Pullman, Wash.). 

Kawaguchi, A. Views on higher order geometry of con- 
nections. III. Tensor 3, 68-70 (1940). (Japanese) 

[MF 2208 } 
This is a continuation of a previous paper [Tensor 2, 

39-45 (1939); these Rev. 1, 176]. There are at first some 
remarks on a paper by Craig [Amer. J. Math. 61, 791- 
808 (1939); these Rev. 1, 29] and then it is shown that in 

order that the value as well as the functional form of 

f(x, x™, ---,x@) be invariant under transformations of 

the parameter / the conditions Ag,f=0 for K=1, 2,3 are 

necessary and sufficient, where 

Axf= =. ee svn 2F- 

ax@i 

It is then pointed out that there are two kinds of Kawaguchi 
spaces, one being of the Riemannian type, the other of the 
affine type; their properties are essentially different. In the 
last part the geometries of the multiple integral 

f- . a ice dx*/dv*)do" os -dv*®, i= a ,s ae 

and of a system of ordinary or partially differential equa- 
tions are studied. S. Hokari (Sapporo). 

d*x' 

diz 
x@Oi= 

Hokari, S. On the connections in the geometry of paths 
of higher order. Tensor 3, 63-67 (1940). (Japanese) 
[MF 2207] 
The object of the present paper is to determine an intrin- 

sic connection, whose parameters are Ij‘ and &, in an 

n-dimensional space from a given system of ordinary differ- 
ential equations 

x™i+t H(t, x 

where x“'=d’x'/di’. The absolute differential of a vector 
v‘ of weight § is given by 

b' = Dai +T;'v'+RUs', 

which is a vector of weight +1 that is multiplied by a 
factor (dt/di)®+ for any transformation of the parameter ¢. 
From these functions I'‘ and & the base connections can be 
also derived, which enable us to define the covariant de- 
rivatives V,v‘ (r=0, 1, ---, m—1) and Vio'=dn*/dt+-RUAv'. 

A. Kawaguchi (Sapporo). 

, xD) = (), 
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| Hokari, Shisanji. Die Theorie des Kawaguchischen 
Raumes mit der Massbestimmung von einer bestimmten 
Gestalt. J. Fac. Sci. Hokkaido Imp. Univ. Ser. IL. 8, 
63-78 (1940). [MF 2185] 
The invariant theory of a (Kawaguchi) space with metric 

of the form s= f F(x, x™, ---,x™)dt has been developed 
by Kawaguchi by means of a certain fundamental tensor 
giz defined by F. This method fails when det |g;;| =0. The 
author discusses a special form of F (root of a polynomial 
in x™) for which det |g;;|=0 and is successful in finding 
a parallel displacement upon which to base the invariant 
theory. Strong use is made of the projective theory of higher 
path systems developed by Hombu [J. Fac. Sci. Hokkaido 
Imp. Univ. 7 (1938) ]. J. L. Vanderslice. 

Hokari, Shisanji. Uber die Geometrie des Systems 
der partiellen Differentialgleichungen dritter Ordnung. 
Proc. Imp. Acad. Tokyo 16, 104-108 (1940). [MF 2223] 
The author aims at an intrinsic (that is, invariant under 

every transformation of coordinates as well as of param- 
eters) geometrical theory of a system of partial differential 
equations of third order 

03x 1 + ef j =0, 
@) eee, * @(3) w", # Pry? Pi.) 

4, j=1, 2, --+, #; a, y=1, 2, ---, K(<n), 
where ; ; 

Oxi 0°x! 

Hi =Hi h-—— §.* , @(s) amas? 1G) aan "® @a@undun 

The following theorem is established by a method of elimi- 
nation : In a manifold F,@, whose geometrical element is a 
surface element of second order, the intrinsical displacement 

(2) 6 pie =D pie +Ti pit-+Ge pir 

can be determined along every integral curve of (1), pro- 
vided the matrix (A,*) is of rank K; here v** denotes a 
mixed contravariant affinor (that is, 

— Ox® dur’ 
4 at a’ — gi Vv =g*e 

Ox* du* 

under any simultaneous transformation of coordinates and 
parameters) and 

re] re] 0 7 

D = +Pa; at Pasa, aig, Mestre , 

"ous ap; OPS o 

nn 
Ay=pj ———_,, Aza’=8. 

5 rf api,.d pi, 7 

A. Kawaguchi (Sapporo). 

Hombu, Hitoshi. Die Geometrie des Integrals { F(x, x, 

-,x™))dt. Proc. Imp. Acad. Tokyo 16, 97-103 (1940). 
[MF 2222] 
Cf. H. Hombu, Tensor 2, 32-36 (1939) and A. Kawa- 

guchi, ibid., 39-45; these Rev. 1, 176. A. Kawaguchi. 

Hombu, H. Communication of a research. Tensor 3, 56- 
57 (1940). (Japanese) [MF 2205] 
M. Mikami has studied the system of generalized para- 

bolas 6*(dx‘/dt) /di?=0, considering it as a system of paths 
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of third order in a linearly connected space of the first order 
whose parameters of connection are I';‘(x, x’). In the present 
paper some results of Mikami’s investigation are communi- 
cated together with some remarks, and a system of circles 
in a conformally connected space is also considered. 

A. Kawaguchi (Sapporo). 

Hombu, Hitoshi. Neue Begriindung der Geometrie des 
Integrals s= { F(x, x, ---,x™)dt auf die projektive 

Theorie der “paths.”” Mem. Fac. Sci. Kyiisyi Imp. Univ. 
A. 1, 29-110 (1940). [MF 2669] 

The n-dimensional space in which the length of a curve 
x'=x'‘(t) is defined by 

d™x* ia 
dt 

is called a Kawaguchi space of order m. It is understood 
that F is an invariant in the sense of tensor calculus and 
that s remains unchanged under transformations of the 
parameter ¢. The geometry of Kawaguchi spaces of order 2 
was investigated by Cartan [J. Math. Pures. Appl. (9) 15, 
42-61 (1936) ] and since that time various generalizations 

in this direction have been made. In this paper the writer 
develops the geometry of Kawaguchi spaces in a new way. 
The methods are largely based upon a generalized projec- 
tive theory of paths due to A. Kawaguchi and the author 
[J. Fac. Sci. Hokkaido Imp. Univ. Ser. I. 6, 21-62 (1937) ] 
in which a unique “‘path’”’ passes through each lineal ele- 
ment of order m. By means of the Kawaguchi-Hombu pro- 
jective theory of paths, the author obtains an intrinsic 
theory (intrinsic means “invariant with respect to parameter 
transformations’) of Kawaguchi spaces. Considerable use 
is made of the vectors discovered by Synge (Synge vectors) 
[Amer. J. Math. 57, 679-691 (1935) ] in connection with 
the Euler equations for the fundamental variation problem 
of the space. A. Fialkow (Brooklyn, N. Y.). 

dx* d*x 
s= SP 2, —, —, fa 

dt 

Michal, A. D. and Hyers,D.H. General differential geom- 
etries with coordinate interspace inner product. Téhoku 
Math. J. 46, 309-318 (1940). [MF 2444] 
In the theory of general differential geometries as devel- 

oped by Michal and his associates, the set of coordinates 
of a point is replaced by an element of a Banach space E£. 
Thus contravariant vectors correspond to elements of E. 
The present paper points out that covariant vectors are to 
be considered in the conjugate space E;. In order to develop 
this notion, the authors prove that certain differentiability 
properties of a multilinear transformation go over to the 
partial adjoints. F. J. Murray (New York, N. Y.). 

Wyman, Max. The simultaneous theory of two linear 
connections in a generalized geometry with Banach 
coordinates. Compositio Math. 7, 436-446 (1940). 
[MF 1874] 
On several occasions, Michal has studied differential 

geometries with a symmetric linear connection (holonomic) 
I'(x, £1, £2) and with coordinates in a Banach space E [ Bull. 
Amer. Math. Soc. 45, 529-563 (1939) ; these Rev. 1, 29; and 
the references to other papers given there]. The author 
assumes further the existence of a non-holonomic linear 
connection K(x, V, £) with component values in a Banach 

space E;, in general distinct from E, and studies the simul- 

taneous theory of the two geometric objects [ and K. Fun- 
damental is the theory of the abstract differential system 

dX(s) dx 
+K(z, X, —) == (), 

ds 
Ps 0 =Xo, rs (0) 

d*x(s) dx dx dx 
+1(z, eae, er oy =0, x(0)=p, (=) =£, 

ds? ds ds ds/ 9 

and the Michal-Hyers results on (abstract) normal coordi- 
nates [Annali Scuola Norm. Super. Pisa 7, 157-175 (1938) ]. 
A replacement theorem is given for simultaneous differential 
invariants of T and K. Some of the results are essentially 
generalizations of results in finite dimensional non-holo- 
nomic differential geometry given by Michal and Botsford 
[Proc. Nat. Acad. Sci. U. S. A. 18, 558-562 (1932); Ann. 
Mat. Pura Appl. 11, 13-32 (1934) ]. A. D. Michal. 

Ohkubo, T. Geometry in a space with a generalized met- 
rics. Tensor 3, 48-55 (1940). (Japanese) [MF 2204] 
Let us consider a metric space of the first order K,“ with 

the metric tensor g,; (x, x’) whose spatial element is a line 
element (x, x’). In the first paragraph the Euclidean con- 
nection is determined in this space by five postulates similar 
to those of Cartan [Les espaces de Finsler, Actual. Sci. Ind. 

no. 79 (1934)] and in a way similar to that of L. Ber- 
wald [Acta Math. 71, 191-248 (1939) ; these Rev. 1, 177]. 
It is to be noted that g;;(x, x’) is not necessarily equal to 
0°F/dx‘dx!. In the second paragraph the covariant deriva- 
tives and the torsion- and curvature-tensors are calculated. 
The relations corresponding to Ricci’s and Bianchi’s identi- 
ties are also mentioned. A. Kawaguchi (Sapporo). 

Sasaki, S. On the theory of spinors. Tensor 3, 30-38 
(1940). (Japanese) [MF 2201] 
After a brief survey of the theory of spinors of Brauer 

and Weyl [Amer. J. Math. 57, 425-449 (1935) ], the author 
shows the relation between this theory and that of Cartan 
[Lecons sur la théorie des spineurs II, Actual. Sci. Ind. 
no. 701 (1938) ]. An application of the theory of spinors to 
the theory of surfaces in Lie’s higher sphere geometry is 
also indicated. A. Kawaguchi (Sapporo). 

MECHANICS 

Dynamics, Celestial Mechanics, Relativity 

*Hamilton, Sir William Rowan. Mathematical Papers. 
Vol. 2, Dynamics. Edited by A. W. Conway and A. J. 
McConnell. Cambridge University Press, Cambridge, 
1940. xv+656 pp. $19.50. 
Although the fame of Hamilton in modern times is due 

chiefly to his work in dynamics, most of the contents of 
this volume have never appeared in print before. There are 
three parts: (I) Dynamics of material bodies; (II) Calculus 

of Principal Relations; (III) Dynamics of light. In (I) we 
find the two famous Essays on a General Method in Dy- 
namics and papers on the hodograph, together with some 
small papers, previously published. There is also a manu- 
script extending to 102 pages on the application of the 
characteristic function to perturbations in the problem of 
three bodies. As this work antedates the Essays, it should 
be of interest as an illustration of the way in which Hamil- 
ton’s ideas developed and of his methods of research ; obvi- 
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ously not intended for publication, the manuscript is written 
connectedly but with little formality of style, as though the 
writer were discussing the subject with himself. There are 
also shorter notes on nearly circular orbits and the theory 
of the moon, and correspondence with Lubbock regarding 
the latter theory. On the whole the impression conveyed by 
the hitherto unpublished material is that Hamilton’s interest 
in the applications of his general methods was greater than 
one might suppose from the publications of his lifetime. 

The Calculus of Principal Relations consists of extensions 
in the form of pure mathematics of Hamilton’s methods in 
optics and dynamics; 114 pages are devoted to this subject, 
and there is included part of the manuscript of a book which 
Hamilton at one time intended to write. Various approaches, 

with various degrees of generality, are outlined ; the follow- 
ing is one of these. Let 

dS= (x, «++, x3; dx1, «++, dx), 

this function being homogeneous of degree unity in the 
differentials. The associated principal integral or principal 
function is S= {®, considered as a function of the coordi- 

nates of the end-points of the path of integration, this path 
being that which renders the integral an extremum. If these 

coordinates are dj, ---,@i; X1, ---, xi, then S satisfies two 

partial differential equations of the form 

as os 
¥(-—. coe, ——3 1, +,a:)=0, 

0a, 0a; 

as as 
o(— coe ——3 X11, +481) =0 

Ox, Ox; 

Unlike Jacobi at a later date, Hamilton insisted on the 
importance of both of these equations. Although this dis- 
tinction is in some respects trivial, it is necessary to empha- 
size it in order to explain the psychological basis of Hamil- 
ton’s creative work in optics and dynamics and in the more 
general field under discussion. All this research centered 

round the idea of the principal function, which was a definite 
function whose form (if known) gave by mere differentia- 

tion the answers to many questions. Much of Hamilton’s 
work was inspired less by the desire to answer questions in 

mathematical physics and pure mathematics than by the 
desire to show how his particular method (that of the prin- 
cipal function) might be applied to them. Thus the Calculus 
of Principal Relations is concerned (among other things) 
with the problem of determining extremals by solving the 
partial differential equations satisfied by the principal func- 
tion. With this in view, he devised methods of successive 

approximations for the solution of the partial differential 
equations, anticipating in one of these methods the methods 
of Rayleigh and Ritz. 

Part III, insofar as its contents are physical, deals with 

the propagation of disturbances in crystals and in the ether, 
regarded as composed of discrete attracting particles. Some 
of the work parallels and extends the work of Cauchy. But 
perhaps the most interesting mathematical part is that in 
which the physical problem is simplified to that of the 
motion of a set of particles, equally spaced along a straight 
line. The particles vibrate transversely, each under the 
influence of its two neighbors, like particles on a stretched 
string. The theory is developed in great detail, and in the 
course of the development Hamilton was led to the dis- 
covery of asymptotic expressions for Bessel functions and 
to the invention of the operational method now known as 
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viously appeared in print. 
The editing appears to have been carried out with great 

care, numerous footnotes (explanatory, critical and histori- 

cal) being supplied, together with an introduction and more 
extended notes in the form of an appendix. 

J. L. Synge (Toronto, Ont.). 

Beboutoff, M. et Stepanoff, W. Sur la mesure invariante 

dans les systémes dynamiques qui ne différent que par 
le temps. Rec. Math. [ Mat. Sbornik] N.S. 7 (49), 143- 
166 (1940). (French. Russian summary) [MF 2283] 
If a dynamical system of ordinary n-dimensional type 

dx; 

=X (x1, -**, Xn), +=1, Bebe 

dt 

admits of an invariant volume integral f --- {Mdx, --- dx, 

with M >0, and if a second similar system, X ;(x,, - --, X,) re- 
placed by X;’(x:, ---,x,), admits of the same trajectories, 

then it can at once be shown that the first system is carried 
into the second by a transformation di’= (x, ---, X,)dt, 
where \}>0; furthermore, the second system is imme- 
diately seen to admit of the corresponding invariant volume 
integral f --- fM|\|dx, --- dx,. However, if the condi- 
tions imposed upon X;, X;’ and M>0 are lightened in that 
the requirement of continuous first partial derivations is 
replaced by a Lipschitz requirement, the problem becomes 
a more difficult one, although a similar conclusion holds. 
[See W. Stepanoff, Compositio Math. 3, 239-253 (1936). ] 

In the paper under review the first differential system 
above is generalized to a continuous one-parameter group 
p—f(p, t), with a canonical parameter ¢ (the ‘“‘time’’), in a 
separable metric space R of points p, admitting an invariant 
measure yu; and the second differential system is generalized 

to a second such group p—/;(p, t), with canonical parameter 
t’, which has the same path curves (“trajectories”) as the 
first group. Under these highly general conditions it is 
proved that the second group must then admit a similar 
invariant measure u*. The proof is composed of three parts: 
(1) proof, without use of the measure assumption, that the 
function t’(p, t), the change in ¢’ when the point moves from 

p to f(p,t), is monotonic and continuous, provided the 
closed set of ‘‘rest points” Ro is left out of account; (2) the 

definition of ‘‘tubes’’ of path curves, of their “‘sections’’ by 
the Stepanoff method [loc. cit.] and of a measure g for 
these sections such that the measure yp is decomposed into 

a product of the measure f and the time measure ¢ such 
as is possible in the ordinary case; (3) the desired invariant 
measure u* for the second group is then obtained as a like 
product of the same measure of sections yu and of the modi- 

fied time measure ¢’. Since ¢’(p, ¢) is not in general an abso- 
lutely continuous function of ¢, measurable sets u.* do not 
necessarily coincide with measurable sets yu in R. 

The type of reasoning employed is likely to be useful in 
generalizing various further dynamical results from ordinary 
space of m dimensions to separable metric spaces and thus 
to give further insight into their essential significance. 

G. D. Birkhoff (Cambridge, Mass.). 

Dramba, Constantin. Singularités imaginaires du pro- 
bléme isocéle des trois corps. C. R. Acad. Sci. Paris 
210, 393-395 (1940). [MF 1987] 
A continuation of papers [C. R. Acad. Sci. Paris 210, 

131-133 (1940); these Rev. 1, 183] discussing imaginary 
singularities of solutions of differential equations of the 

Heaviside’s method. Very little of this material has pre-. 
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three body problem which are near known special solutions. 
This paper deals with the known isosceles triangle solution 
in three dimensions. The paper is related to one by Jean 
Chazy [Bull. Sci. Math. (2) 56, 79-104 (1932) ]. 

E. J. Moulton (Evanston, Iil.). 

Mineo, Corradino. Forma d’un pianeta dedotta dai valori 
della gravita in superficie. II. Atti Accad. Italia. Rend. 
Cl. Sci. Fis. Mat. Nat. (7) 1, 109-113 (1940). [MF 1742] 
In this and in a preceding note [Atti Accad. Naz. Lincei. 

Rend. (6) 29, 529 (1939) ], Mineo discusses the form of a 
planet approximately spherical when rotating, in equilib- 
rium, with a small angular velocity w. Assuming that an 
equation of the surface and an equation for superficial 
gravity are expressible as power series in w*, with coefficients 
expressible as series of spherical harmonics, he gives equa- 
tions connecting the two sets of spherical harmonics, which 

he states are necessary and sufficient conditions for equi- 
librium. In this note II he discusses the determination of 
the surface on thé assumption that superficial gravity is 
given. E. J. Moulton (Evanston, Iil.). 

Chiara, Luciano. Sulla determinazione della forma d’un 

pianeta, nota la gravita in superficie. Atti Accad. Italia. 

Rend. Cl. Sci. Fis. Mat. Nat. (7) 1, 245-250 (1940). 
[MF 1759] 
In his paper Chiara followed a suggestion made by Mineo 

[cf. the preceding review ] and discussed the same problem 
from a different point of view. He found explicit expressions 
for certain terms which Mineo had not studied in detail, 

and analyzed certain exceptional conditions more com- 
pletely. E. J. Moulton (Evanston, IIl.). 

Milne, E. A. Kinematical relativity. J. London Math. 
Soc. 15, 44-80 (1940). [MF 2581] 
In this presidential address, the author summarizes his 

and his collaborators’ researches on kinematical relativity, 
plunging “‘into this field where such unexpectedly rich har- 
vests may be gathered by those who are prepared to avoid 
the twin sins of dogmatism and pessimism.” The author 
promises to use a purely deductive method based upon 
definitions but not assumptions. He believes that his logical 
structure is as intellectually superior to the rest of mathe- 
matical physics as the Greek deductive geometry is superior 
to the Egyptian empirical methods. Every equation in kine- 
matical relativity is supposed to have an immediate meaning 
in terms of observation. The author does not intend to use 
any time-space structure and his starting point is the follow- 
ing one: observer A, having an arbitrary clock, observes an 
event. He flashes light so that it illuminates the event and 
returns to the observer. If ¢; is the moment at which the 
light signal was sent, ts the moment at which it was received 
back by A, then the distance r of the event from A is, by 
definition, 1/2c(t;—#,), c being an arbitrary constant. The 

author does not explain, however, how A can, without 

further measurements, succeed in finding the moment #,; so 

that the light emitted at ¢, just illuminates the occurring 
event. As new concepts are introduced, the structure of 
kinematical relativity becomes more complicated. The most 
important of them are: congruent clocks, equivalence, sub- 
stratum. The equivalence is the aggregate of all particle- 
observers possessing congruent clocks. If the particle mem- 
bers are arranged in such a way that the description of the 
velocity density distribution made by different observers 
is the same, then an equivalence so distributed is called a 
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substratum. The problem then is : to determine the equation 
of motion of a free particle in the presence of a substratum. 
To do this a function G, depending on any universal con- 
stant, must be introduced. According to H. P. Robertson, 
this function can only be determined empirically ; according 
to the author, however, it is possible to determine it de- 
ductively through a statistical system associated with a 
substratum and the result is : G(£) = —1. The laws of motion 
finally obtained by Milne for the free particle are of a non- 
Newtonian form ; but they become Newtonian if we regradu- 
ate our clocks according to the equation r=% log (t/t) +b, 
where f is constant. In the ¢ measure the red shift is due to 
the Doppler effect of receding nebulae. In the r measure the 
nebulae are not receding and the red shift is due to the 
shortening of atomic vibrations with the aging of the uni- 
verse, since the radiation was emitted when the universe 
was younger. Severely critical remarks concerning rela- 
tivity theory are distributed throughout the paper. Some 
of the statements seem to be due to a misapprehension. For 
example: “ ‘general’ relativity is accustomed to make use 
of any kind of coordinates whatever, provided these are 

reckoned by conventionally ‘rigid’ length scales and con- 
ventionally ‘uniform’ clocks.” From this statement the 
author concludes: ‘“‘The mysticism which Einstein in his 
‘special’ relativity cleared out by the front door . . . re- 
turned by the window. .. .” In connection with these 
remarks, it may be mentioned that H. P. Robertson in one 
of his papers devoted to a criticism of Milne’s theory 
(Astrophys. J. 82, 297 (1935)] arrives at the conclusion : 
“No treatment of the cosmological problem in which the 
uniformity principle is adopted can be based on a more 
general kinematical background than that offered by the 
relativistic theory.” L. Infeld (Toronto, Ont.). 

Forder, H. G. Kinematical relativity and textile geo- 
metry. Quart. J. Math., Oxford Ser. 11, 124-128 (1940). 
[MF 2610] 
To each event, that is to each transmission or reception 

of a signal, a “date” is assigned. The physical assumptions 
which lead to a one-to-one correspondence between the 
dates and real numbers are enumerated, and two ways of 

dating which lead to Milne’s two measures of time are 
introduced. The path curves of the particles, the signal 
curves (in both directions) and the curves joining the points 
to which the same dates have been assigned constitute a 
4-web. If the observers are “‘equivalent in pairs,” these 
4 families of curves are topologically equivalent to four sets 
of parallel lines, constituting the sides of parallelograms and 
their diagonals. L. Infeld (Toronto, Ont.). 

Hydrodynamics, Aerodynamics, Acoustics 

Rosenblatt, Alfred. Sur la théorie mathématique de la 
lubrification. Actas Acad. Ci. Lima 2, 219-253, 343-347 
(1939) = Revista Ci., Lima 42, 95--129, 331-343 (1940). 
[MF 2667] 
A new solution of the steady movement of a viscous fluid 

between two eccentric cylinders, one fixed, the other rotating 
with a constant angular velocity, is attempted. Apart from 
limitation to the two-dimensional problem, the solution 
claims to be an exact one. Curvilinear coordinates and 
infinite series are combined for this purpose. Approxima- 
tions are derived from the solution attained. A comparison 
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with the various existing solutions of the same problem by 
other authors, either with respect to the mathematical 

methods applied or to the quantitative results attained, is 
lacking so that it is hard to define the significance and 
extent of the progress achieved by the present computation. 

P. Nemenyi (Iowa City, Iowa). 

Kitagawa, Kiugoro. Sur le mouvement non permanent 
des liquides visqueux dans les tubes de trés petits dia- 
métres. Proc. Phys.-Math. Soc. Japan (3) 22, 442-447 
(1940). [MF 2647] 
An infinitely long cylindrical tube with small circular 

cross section, filled with a viscous liquid, is given a longi- 

tudinal velocity u=f(t). It is pointed out that the velocity 
u(r, t) of the fluid then satisfies the heat equation 

ou Ou 10u 

= -»( ~s ), 
ot Or? ror 

and the boundary conditions u(a, t)=f(t), u(r, 0) =0. Here 

a is the radius of the tube; and it is assumed that f(0) =0. 
The author gives a formal derivation of the well-known 

solution of this boundary value problem. Formulas for the 
turbulence and total flow follow at once. The general be- 
havior of these quantities is noted. R. V. Churchill. 

Doodson, A. T. Tides in oceans bounded by meridians. 

IV. Series solutions in terms of angular width of ocean: 
semidiurnal tides in narrow oceans. V. Solutions by 

use of finite differences: semidiurnal tides. Philos. 

Trans. Roy. Soc. London, Ser. A. 238, 477—512 (1940). 

[MF 2531] 

Poloubarinova-Kochina, P. An application of the theory 
of linear differential equations to some problems of 
ground-water motion (number of singular points greater 

than three). Bull. Acad. Sci. URSS. Sér. Math. 

[Izvestia Akad. Nauk SSSR] 1939, 579-602 (1939). 
(Russian. English summary) [MF 2098] 
The first part of the paper is concerned with the problem 

of conformal mapping on the half-plane of finite polygonal 
regions bounded by straight lines and circular arcs. The 

mapping of curvilinear triangles, curvilinear quadrilaterals 
and a special case of a curvilinear pentagon are considered. 
The general considerations of the first part of the paper are 
applied to a study of the two-dimensional seepage flow of 
ground waters in an earth dam of trapezoidal cross-section. 
The paper makes use of some results of previous studies by 
the author [Bull. Acad. Sci. URSS. Sér. Math. [Izvestia 
Akad. Nauk SSSR] 1938, 371-395, and in particular 1939, 
329-350, where the case of three singular points is treated ]. 

I. S. Sokolnikoff (Madison, Wis.). 

Kotchine, N. E. On the instability of von Karm4n’s vortex 
streets. Doklady Akad. Nauk SSSR (N.S.) 24, 18-22 

(1939). (Russian) [MF 1970] 
The author defines a stable system of vortices in the 

following way : given any arbitrarily small positive number 
¢ there exists a positive number 6 such that any displace- 
ment of the vortices not exceeding 6 will cause a motion 
by which the distance between any two vortices differs by 
less than ¢ from their distances in the undisturbed state. 
An example of an unstable system is constructed for which 
the known conditions of von K4rmd4n for stability are 
fulfilled. The system consists of two chains of vortices 
each with the intensity (—1)*‘T and situated at the points 
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(—1)*(31+-$h) +-nl, n=0, +1, +2,---,x=1,2. Every chain 
is then divided into two parts, the representative of which 
will be four vortices 21=41+-}4h, 229=(5/4)1+-4ih, z= —H} 
— 4th, = (3/4)l—}th. This gives the same displacement to 
all vortices of any one of the four chains, these displace- 
ments being different for the different chains. If the co- 
ordinates of the representative of the four chains are 2, 
k=1, 2, 3, 4, the motion caused by such a system possesses 
the complex velocity potential 

4 

w(z)=T'/xi-{ © +1n sin x(z—2,)/21} 
k=1 

and the complex velocity 

4 

dw/dz=T/4h- { >> +ctg x(2—2,)/2/}. 
k=1 

Hence one obtains for the complex velocity of vertices 

themselves the expressions 

dz, Sats (zy, —_ Z2) 

—=T/4il; ctg ————__—-ctg 
dt 2l 

a (21—23} @(21—24) 
——ctg ————_}, 

21 

etc. The integration of this system of equations gives 2 as 
functions of time. If there were no initial disturbances then 
all four chains would move parallel to the x-axis with the 
velocity 3I'z—'(th xh/l). In the general case 

a= $Td-(th th /l) +-2x0+2lak;, k=1, 2, 3, 4, 

where {% are dimensionless displacements of the vortices 
with respect to their position in the undisturbed state. The 
author also obtains equations for d&,/dt. If von Karman’s 
stability condition (sin th/l=1) is not fulfilled then the 
system obtained is unstable in the sense of Liapunoff. Sup- 
posing sin rh/l/=1 and linearizing the equations obtained, 
one gets 

da&,/dr=4i sins3_, [ (cos a,+cos a3_p)~!— (cos a3_p—i)* ], 

p= 3 2, 

where a,=2(f2:,—{1), r=I'rt/8P. Applying the methods 
of Liapunoff [Ann. de Toulouse (1892)] and using a 
theorem of his own, the author shows that the initial values 
of {% can now be chosen so that the solutions a,(r)=0 
(p=1, 2) are unstable in the sense of Liapunoff, from which 

his assertion follows. 5S. Bergmann (Cambridge, Mass.). 

Levi-Civita, Tullio. 
sua applicazione alle onde trocoidali di Gerstner. 
Acad. Sci. Acta 4, 23-30 (1940). [MF 1404] 
The author suggests the “integral vorticity” 

Q(P, t) = fotw(P, t)dt 

Pont. 

as a dimensionless measure of the deviation of the fluid 
motion at P from irrotational flow; w(P, ¢) is the vorticity 

and ¢ is the time. As an example, the surface waves of 
Gerstner [see, for example, H. Lamb, Hydrodynamics, 

Nozione adimensionale di vortice e 

§ 251] are treated. These waves are rotational, but are | 
practically indistinguishable from the irrotational waves 
proposed by the author [Math. Ann. 93, 264-314 (1925) ] 
for small ratios of amplitude to wave length. In this case 
the integral vorticity at a fixed point consists of a periodic 
part and a positive term proportional to the time. Hence, 
if it were possible to measure Q, the deviation of even small 
ripples from irrotational motion could be determined after 
a long enough time interval. W. R. Sears. 
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Tamada, K6. Further studies on the flow of a compressible 
fluid past a sphere. Proc. Phys.-Math. Soc. Japan (3) 
22, 519-525 (1940). [MF 2696] 
In the first paper [same Proc. (3) 21, 743-752 (1939); 

these Rev. 1, 185] the author obtained, for the velocity 
potential of the irrotational subsonic flow of a compressible 
inviscid fluid past a sphere, an approximation of the form 
$= ¢0+ M*¢1+ M'¢2, where M denotes the Mach number 

which is defined as U/c, U the undisturbed velocity of the 
stream at infinity and c the velocity of sound associated 
with U. Using this solution, the critical Mach number at 

which the local speed of sound is first attained in the field 
of flow was found to be M,.=.574. Comparing this M, 

with the values .632 and .587 obtained from ¢=¢@» and from 

¢=¢0+M"*¢:, the author believes the true M, to be very 
nearly equal to .57. In support of this opinion he refers to 
experiments by C. Pasqualini [Atti 4° Cong. Intern. Navig. 
Acrea, Roma, 1927, vol. 4] who determined experimentally 
the drag of a moving sphere in its dependence on M, and 
found a considerable increase for M>.55. Stating that 
increasing M beyond M, would make irrotational flow im- 
possible and consequently increase the drag, the author 
considers the experiments referred to as a check on his 
analysis. He also observes that his M, corresponds to 
U=400 miles per hour and that, considering rivet heads on 
airplane parts as little spheres in an infinite stream, a plane 
velocity in excess of 400 miles per hour should be connected 
with increased drag due to a change of flow around the 
rivet heads. E. Reissner (Cambridge, Mass.). 

Krienes, Klaus. Die elliptische Tragfliche auf potential- 
theoretischer Grundlage. Z. Angew. Math. Mech. 20, 
65-88 (1940). [MF 2589] 
The problem of the lifting surface of elliptic planform is 

treated by the method of the “‘acceleration potential” de- 
veloped by L. Prandtl [Z. Angew. Math. Mech. 16, 360- 
361 (1936) ]. The function y(x, y,z) is defined so that 

b—pxw=—pV*y, where p is the pressure at any point, p.. and 
V the pressure and velocity in the undisturbed fluid, and p 
the density (uniform and constant). If the velocity compo- 
nents at any point are u+V, v and w, where u,v, w<V, 
and if terms of second order in u, v, w are neglected, y sat- 

isfies Laplace’s equation Ay=0. In this paper confocal 
ellipsoidal-hyperboloidal coordinates p, yu, vy are introduced 

and solutions of Laplace’s equation are obtained in terms 
of Lamé functions. Two types of solutions are required : 

(i) Vn" =E,"(u)E,™(v) F,™(p), 

where the EZ,” and F,” are Lamé functions of the first and 

second kinds, respectively, and 

1 
(ii) ?,"= 

d 
—Loryn™ (x, y, z, c)], 

cdc 

where c is the semi-span of the surface and a parameter of 
the coordinate transformation. The acceleration potential y 

is expressed as a linear combination of such solutions. If the 
geometry of the wing is given, the constants in this expres- 
sion can be determined by means of an integral relationship 
between y and the velocity component w, whose behaviour 
over the surface is required to be compatible with the geo- 
metry. The elevation of any point of the wing above a plane 
containing the undisturbed velocity vector V is assumed to 
be negligible, and the streamlines along which the integra- 
tion relating ¥ and w is taken are assumed to be straight 
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The cases of flow parallel to and at an angle to an axis 
of the ellipse are considered separately. In the first case 
the problem of the plane elliptical wing is treated in detail, 
and the lift and center of pressure are calculated for vari- 
ous aspect ratios. The slope of the lift-coefficient curve 
(dc,/da) is found to be somewhat smaller than that pre- 

dicted by the usual Prandtl lifting-line theory; the center 
of pressure is somewhat farther forward. In the second case 

| detailed calculations are given for a plane ellipse of aspect 
ratio 6.37; the slopes dc,/da and dc,/da (c,=coefficient of 
rolling moment) are calculated for various angles of yaw. 
All the numerical results are said to be in good agreement 
with available experimental results. The author is unable 
to arrive at any conclusions regarding the induced drag or 
yawing moment. In the particular case of a circular surface 
all the results reduce to those obtained by W. Kinner [Ing.- 
Arch. 8, 47—80 (1937) ]. W. R. Sears (Pasadena, Calif.). 

Possio, Camillo. L’azione aerodinamica su di una super- 
ficie portante in moto vario. Atti Accad. Sci. Torino 74, 
537-557 (1939). [MF 1729] 
The theory developed by the author in a previous paper 

[Atti Accad. Sci. Torino 74, 285-299 (1939); these Rev. 1, 
187] is now applied to the non-uniform movement of an 
elliptical wing. Differential equations determining the coeffi- 
cients of lift and moment as functions of time are given. 

W. Prager (Istanbul). 

Miiller, Wilhelm. Zur Berechnung von beschleunigten 
Langsbewegungen eines Flugzeugs. Ing.-Arch. 11, 99- 
117 (1940). [MF 2682] 
For the case in which the thrust of the propeller acts in 

the direction of motion the equations of a previous paper 
[Z. Angew. Math. Mech. 19, 193-202 (1939); these Rev. 1, 
20] are modified by the addition of a term go to the right 
hand side, where ge=S/m, m being the total mass, S the 

thrust. When ¢ is constant the equations can be fully 
integrated if definite assumptions are made regarding the 
lift acceleration k,v*, particularly if the lift is assumed con- 
stant as in previous work. It is then advantageous to use 
the path tangent angle ¢ as independent variable in place 
of the time. In the present work &,v* is regarded as a 
periodic function of ¢@ and the variability of the glide 
number € appears as important for the class of asymptotic 
motions related to rectilinear flight. Special studies are 
made of looping flight, gliding flight and straight flight. 

H. Bateman (Pasadena, Calif.). 

Donov, A. A plane wing with sharp edges in a super- 
sonic stream. Bull. Acad. Sci. URSS. Sér. Math. 
[Izvestia Akad. Nauk SSSR] 1939, 603-626 (1939). 
(Russian. English summary) [MF 2099] 
The present paper treats the problem of the flow of a 

stream of an ideal gas around a thin wing at small angles of 
attack. The stream is supposed to be two-dimensional, 
stationary supersonic and a non-conductor of heat. An 
approximate solution of the problem is given with an allow- 
ance for vortex-formation caused by the change of entropy 
along the shock-wave. The author derives from this solution 
an approximate formula of pressure along the contour of 
the wing. In this formula the term depending exclusively 
on the vortex-formation caused by the change of entropy 
along the shock-wave is given explicitly. It depends on the 
curvature of the wing contour at the edge and on the dis- 
tance between this edge and the element of the wing on 



28 

which the pressure is calculated. The lift and drag coeffi- 
cients of the wing are calculated, and a numerical example 
is given. S. Bergmann (Cambridge, Mass.). 

Burington, R. S. On the use of conformal mapping in 
shaping wing profiles. Amer. Math. Monthly 47, 362- 
373 (1940). [MF 2570] 

Sears, William R. Operational methods in the theory of 
airfoils in non-uniform motion. J. Franklin Inst. 230, 
95-111 (1940). [MF 2470] 
In previous work on airfoil theory for non-uniform motion 

in collaboration with Th. von Karm4n it was shown that 
the instantaneous lift can be expressed as a sum L(t) +L: (2) 
+L,(t), where Lo(t) = pU(é)To(?), 

R(t) 

r'o(t) = -f (x, t)(x+0)Xdx, 

c 

R(t) 
L2(t)=cp vf ¥(x, t)Xdx, 

and X = (x*—<*)—1. With the assumption that the wake vor- 
tices are carried away from the airfoil with the free-stream 

velocity U(t), the function y(x, ) becomes a function of 
x—a, where a=f,'U(t)dt and R(t)=a+c; if a new vari- 

able s is introduced such that s=c+a—x and X(x)=S, 

+(x, t)=m(s), the expressions become 

Lilt) =coU® f m(s)Sds, To(t)= -f m(s) (2c+a—s)Sds, 
0 0 

and the total circulation is —fo*m(s)ds. 
In Wagner’s problem there is a sudden change in Ip(?) 

and L.(t)= —pU®(a), where ®(a) is Wagner’s function 

&(a)= -cf m(s)Sds. 
0 

The total circulation is now ¥(a) = —fo*m(s)ds. Numerical 

values of (a) and (a) are given in Table I to three decimal 
places for a=0(})1(4)2(2)10(5)40. The functions are found 
by the transformation of Laplace f(p) = pfo*e-?*f(a)da and 
its inversion by means of an integral along an imaginary 
path. The functions #(p), ¥(p) are in this case Ko(p)M(p) 
and p-'e-?M(p), respectively, where M(p)[Ko(p)+K,(p) | 
=1. Asymptotic expansions of ®(a) and (a) are found by 

deforming the usual path (from b—i* to b+i0) into one 

barely enclosing the negative real axis. The expansion for 
(a) involves negative powers of a and positive powers of 
log (2a), that for ¥(a) involves negative powers of a—1 and 

positive powers of log (2a—2) and a constant term equal 
to 1. For small values of a the function © is represented by 
a power series in a beginning with 4(1—4a), while y is 
represented by a series of odd powers of a}, the first term 
being (2a)!/x. 

In the treatment of the sharp-edged gust by the op- 
erational method it is found that if f(a)=cos (1—a) 

for OSa=2 and f(a) = for a=2 then 

F(b) = xe To(p) — { To(p) — Tih) } }B(p) = (Pp) 

and so f(a)=7/(a). The singularities of the integrands of 

the contour integrals are carefully discussed in order to 
make sure that no poles are crossed in the deformation of 
the contour of integration. It is thought that the functions 
calculated herein may be employed to calculate the lift 
and circulation of thin aerofoils in arbitrary two-dimensional 
motion. H. Bateman (Pasadena, Calif.). 
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Garcia, Godofredo. 

extérieure. 

[MF 2562] 

Le probléme général de la balistique | 
Bull. Sci. Math. (2) 64, 82-102 (1940). © 

The paper presents in vectorial notation a discussion of ° 
the problem of exterior ballistics, in which the motion of a J 
projectile is required when allowance is made for a resisting 7 
medium, the density varying with the height, and allowing 7 
for variation of gravity. The investigation was suggested 7 

by lectures by Kyrille Popoff on “‘Les méthodes d’intégra- 9 
tion de Henri Poincaré et le probléme général de la balistique 
extérieure” in which the vectorial notation was not used. 
The paper shows how approximate solutions of the differ- 
ential equations may be obtained by a method of successive 
approximations. E. J. Moulton (Evanston, IIl.). 

en 

Garcia, Godofredo. The general problem of exterior ballis- 
tics. Revista Ci., Lima 42, 367-406 (1940). 

[MF 2900] 
Spanish translation of the paper reviewed above. 

(Spanish) kK, 

Garcia, Godofredo. Sur le mouvement gyroscopique du 3 
projectile. 
[MF 2709] 

Garcia, Godofredo. Equations générales du mouvement | 

Actas Acad. Ci. Lima 3, 31-36 (1940). 
yl 

he 

pendulaire des projectiles. 
49-54 (1940). [MF 2712] 

Both papers are based on certain formulas of E. Esclangon 3 
for the torque on a projectile, taking account of air re- § 
sistance. In the first, approximate integrations of the Euler | 
equations are obtained. In the second, the object is to deduce 
differential equations for the pendulous motion, more gen- 
eral than those of Popoff, Burzio and Mayewski. Undefined 
symbols, typographical errors and a complete lack of refer- 
ences to the literature were noted. H. Scheffe. 

Andrejew, N. Uber die Energieausdriicke in der Aku- 
stik. Acad. Sci. U.S.S.R. J. Phys. 2, 305-312 (1940). 
[MF 2645] : 
The density of sound energy of the potential type is shown 

to be W,=k(p—ppo/po) or k(p— po), [k(y—1) =1] accord- 
ing as the Lagrangian or Eulerian viewpoint is adopted. 

Actas Acad. Ci. Lima 3, 5 

The energy equation is r 

(d/dt)(W/p) = —(1/p) div I= —(1/p) div (pi) 
when the first viewpoint is adopted and 

dW/dt= —div i(p+ W) = —div Iz 

in Euler’s type of analysis. Thus Ig =i(p+ W)=i(p+kp 
+ pv"). For small motions p=fo+f1+p2+-++, p=potpi 
+poet:++, 5=i9+5;+52+---, where po, po, do are the undis- 

turbed quantities; then W,=E,—Ep=kpitkpo, Ex=} por’, 

Ix=poitpw2tpii, Iz=(1+k)(povitporet+piri). These 
expressions differ from those usually given. For a correct 
calculation of energy quantities the solution of equations 
must be carried to at least a second approximation. To 
illustrate the theory, the disturbance produced by a vibrat- | 
ing piston is found to a second approximation. 

H. Bateman (Pasadena, Calif.). 

Pellam, John R. Sound diffraction and absorption by a 
strip of absorbing material. J. Acoust. Soc. Amer. 11, 
396-400 (1940). [MF 1782] 
This paper contains a preliminary study of the effect of 

en 

the size of an absorbing panel in the wall of a room on the 
effective acoustical absorption coefficient of the material § 
forming the panel. The simplest case is discussed, that of an 

whe 
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infinitely long uniform strip of absorbing material placed in 
an otherwise totally reflecting infinite rigid plane wall. In 
the Physical Review 54, 895 (1938), P. M. Morse and P. J. 
Rubenstein gave a complete solution of the problem of 
diffraction of sound by rigid ribbons and by slits, using 

Mathieu functions. The present investigations follow the 
same lines but non-rigid surfaces are substituted for the 
open slit. The ability of the panel for absorbing sound is 
given by a “shape-factor,” defined as the ratio of the energy 
retained by the panel when set in a totally reflecting wall to 
the energy retained by the panel when set in a wall com- 
pletely covered with the same material. Curves of the shape- 
factor are given for three angles of incidence. It appears 
that a given material composing a panel absorbs most effi- 
ciently when the panel width is about half a wave-length. 

E. T. Copson (Dundee). 

Freehafer, J. E. The acoustical impedance of an infinite 
hyperbolic horn. J. Acoust. Soc. Amer. 11, 467-476 
(1940). [MF 1783] 
In general it is possible to discuss mathematically the 

acoustical properties of horns only on the assumption that 
the sound waves are plane. In this paper it is shown that 
this assumption is unnecessary in the case of a hyperbolic 
horn whose equation is 

(€?+-n?) cosec? 0>—{£? sec? 05 = 4a’, t>0, 

the horn being driven by a piston in the throat of the horn 
(¢=0). The author uses oblate spheroidal coordinates 

=3acosh usin @cos¢, =a cosh pz sin 6 sin ¢, 2 2 

{= 4a sinh yp cos 6, 

and shows that the wave equation possesses a solution 
V=F(u) W(0)e** symmetrical about the axis of the horn, 
where 

d dw 
—| 1-2] + 6+ a) =0, z=cos 8, 
dz dz 

d d 
= +29—_|- (b—ik?a*x?)F=0, x=sinh up. 
dx dx 

The boundary conditions are (i) W’(cos &)=0, W(1)=1, 
(ii) F must represent an expanding wave. The conditions on 

W are satisfied only for certain characteristic values of b. 
Whilst the general properties of these differential equations 
are known, it is impossible to give simple analytical for- 
mulae for their solutions, and the author used the M. I. T. 
differential analyzer to carry out the analysis. He gives 
curves representing the acoustical resistance and reactance 

» as functions of the ratio of the radius of the throat to the 

wave length. He concludes that the hyperbolic horn gives 
a better performance than the conical horn. 

E. T. Copson (Dundee). 

Phelps, William D. Power transmission loss in exponen- 
tial horns and pipes with wall absorption. J. Acoust. 
Soc. Amer. 12, 68-74 (1940). [MF 2572] 
The partial differential equation for the sound pressure 

within the horn is derived. From a particular solution of 
this, a formula is written for the power transmission loss, 
due to wall absorption, as a function of the design of the 
horn and distance from the throat. The derivation of the 
formula is only partially presented; some of the symbols 

} used are not defined. Results are shown graphically. 
R. V. Churchill (Ann Arbor, Mich.). 
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Maa, Dah-You. Non-uniform acoustical boundaries in 
rectangular rooms. J. Acoust. Soc. Amer. 12, 39-52 
(1940). [MF 2571] 
Let p(x, y, 2, 4) be the sound pressure at points within a 

room with five perfectly reflecting walls and one partially 
absorbing wall. The function p satisfies the wave equation 
within the room, and these boundary conditions : 8p/an=0 
on five walls; 8p/d8n= —fp on the sixth wall. Here n is the 
outward directed normal to the wall, and f is a nonnegative 
function of position on the sixth wall. Fourier analysis is 
used to obtain formulas which give the normal pressure 
functions and normal modes of vibration for this problem. 
With the aid of these formulas and some known experi- 
mental data an attempt is made to study the effect upon 
sound-decay within the room produced by placing rectangles 
of acoustic material upon one of th»: walls. 

R. V. Churchill (Ann Arbor, Mich.). 

Rocard, Yves. Pouvoir amplificateur des pavillons d’écoute. 
Revue Sci. (Rev. Rose Illus.) 78, 146-148 (1940). 
[MF 2197] 
The steady-state differential equation for an acoustic 

horn of non-absorbing material, whose cross section is a 

differentiable function of its distance from one end, with 
terminal impedances unspecified, is set down and formally 
solved. Then, exponential variation is specified for the cross 
section; and the throat impedance is taken as infinite on 
the assumption that this is approximately the case for ter- 
mination in a microphone or ear coupled by a small closed 
air space, which plays the role of an acoustic capacitance. 
The well-known impedance transforming properties of an 
exponential horn are mentioned. Particular solutions for 
such a horn are given for several simple input impedance 
terminations. Finally, a calculated amplitude-frequency 

curve is given as an illustration of impedance mismatch 
present at the mouth of a horn. J. L. Barnes. 

Theory of Elasticity 

Gandy, R. W. G. and Southwell, R. V. Relaxation methods 
applied to engineering problems. V. Conformal trans- 
formation of a region in plane space. Philos. Trans. Roy. 
Soc. London, Ser. A. 238, 453-475 (1940). [MF 2532] 

The term “relaxation methods’’ was first applied by 
Southwell to certain methods of successive aprroximation 
for solving problems in statics [Proc. Roy. Soc. London, 
Ser. A. 151, 56-95 (1935); 153, 41-76 (1935). ]. In these 

methods the displacements due to the applied loads are 
first prevented by proper restraining forces; the various 
joints are then “relaxed” in order, the load on each one 
being distributed to the surrounding joints which are held 
fixed during this relaxation. Later Southwell treated La- 
place’s and Poisson’s equations numerically by solving the 
numerous approximating finite difference equations for the 
values of the solutions over nodes of a network by similar 
successive approximations [ Christopherson-Southwell, Proc. 
Roy. Soc. London, Ser. A. 168, 317-350 (1938) ]. Here the 
relaxation methods are applied by visualizing the network 
as composed of strings or links held in tension and letting 
the residual forces at each point at each stage measure the 
extent to which the proper difference equations (which are 
themselves visualized as equations of equilibrium) fail to 
be satisfied. Triangular, rectangular and hexagonal net- 
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works were used. [The relaxation methods are quite similar 
to the Hardy-Cross method of “distributed fixed end mo- 

ments”; when applied to Laplace’s and other equations, 
except for their static interpretation and greater flexibility, 
the relaxation methods are similar to numerical methods of 
L. F. Richardson, H. Liebmann, A. Thom and others. ] 

In the present paper the authors continue the application 
of these numerical methods to problems in conformal map- 
ping. Several examples of technical interest are treated in 
which regions of fairly arbitrary shape are mapped on the 
inside and outside of a circle, on a rectangle, etc. 

H. Poritsky (Schenectady, N. Y.). 

Pellew, Anne and Southwell, R. V. Relaxation meth- 
ods applied to engineering problems. VI. The natural 

frequencies of systems having restricted freedom. 
Proc. Roy. Soc. London. Ser. A. 175, 262-290 (1940). 
[MF 2471] 
The methods developed by Southwell [Proc. Roy. Soc. 

London. Ser. A. 174, 433-457 (1940); these Rev. 1, 237] 

are applied for numerical calculations of frequencies in 
torsional vibrations of an elastic shaft carrying inertial 
loads. Damped vibrations are also briefly discussed and 
other extensions of the method are indicated. The numeri- 
cal results are remarkably satisfactory. R. Courant. 

Teofilato, P. Gli effetti del secondo ordine nelle vibra- 

zioni elastiche. Rend. Sem. Fac. Sci. Univ. Cagliari 9, 
181-194 (1939). [MF 1907] 
In a prior note [Atti Pont. Accad. Sci. 86, 398-404 

(1933) | the author had treated in a very general but quali- 
tative way the result of retaining second order terms in the 

equations of elastic vibration and found that new frequen- 
cies were thus introduced, for example, into the vibrations 
of a chord. In this paper the author formulates the second 
order elements in explicit form in order to prepare the way 
for a discussion of the energies which accompany these extra 
frequencies. The original paper must be consulted for the 
details. J. B. Macelwane (St. Louis, Mo.). 

Christopherson, D. G. Note on the vibration of mem- 
branes. Quart. J. Math., Oxford Ser. 11, 63-65 (1940). 
[MF 1867 } 
A function w(x, y) whose normal derivative vanishes on 

the boundary of a regular hexagon and which satisfies in 
the interior the equation V?w-+A*w=0 is given. A conclusion 
is drawn from the structure of this function about one mode 
of vibration of a triangular membrane with fixed edges. 

I. S. Sokolnikoff (Madison, Wis.). 

Iguchi,S. Die erzwungenen Schwingungen der rechtecki- 
gen Platte. Ing.-Arch. 11, 53-72 (1940). [MF 2157] 
The paper reproduces a previous article [Proc. Phys.- 

Math. Soc. Japan 22, 1-14 (1940); these Rev. 1, 189]. In 
addition it contains a similar treatment of the problem of 
forced vibrations of an elastic plate with two opposite edges 
clamped and the remaining ones freely supported. 

I. S. Sokolnikoff (Madison, Wis.). 

Gran Olsson, R. Uber die Eigenschwingungszahl des 
Balkens von rechteckigem Querschnitt. Norske Vid. 
Selsk. Forh. 12, 100-102 (1940). [MF 2650] 
The author shows that the frequency of vibration of a 

simple beam of rectangular cross section (including the 
effects of shear and rotational inertia) as obtained from 
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beam theory is very closely correlated with that obtained A 
from a more rigorous two dimensional plate theory. pro 

D. L. Holl (Ames, Iowa). the 
of t 

Fadle, J. Die Selbstspannungs-Eigenwertfunktionen der It i 
quadratischen Scheibe. Ing.-Arch. 11, 125-149 (1940). cha 
[MF 2684] grat 

A solution is sought for the distribution of stress in a} bet 
square plate having applied boundary stresses lying in the E equ: 
plane of the plate. The particular case investigated is that} deri 
for which all boundary stresses on each one of the four) fron 

sides of the square are in static equilibrium. The general 
solution is obtained by superposition of four particulary 
solutions for each of which the applied stress is zero on three) 
sides. The problem, therefore, is to determine ¢,, o,, 7, where 

Fr oF Fr 
o;=—, saa, sare ’ 

oxdy ox? oy" | 

where V°V?F=0, and where ¢;, oy, 7 are zero on three sides 

of the square and assume assigned values, subject to the 
equilibrium condition, on the fourth side. The characteristic) 
equations are shown to have the form sin? g=g’, the ad- 
missible solutions being all complex. The author calculates} 
several complex characteristic numbers by successive ap-§ 
proximations. He sets up the corresponding characteristic 
functions. and evaluates the integrals of their products, 
which are required for least square approximations. These} the « 
are tabulated, and with the machinery thus made available} the « 
he solves (to terms of fifth order) two particular examples. strai 

W. E. Milne (Corvallis, Ore.). The 
requ 

Willers, Fr. A. Eigenschwingungen gedriickter Kreis- A the s 
platten. Z. Angew. Math. Mech. 20, 37-44 (1940).§ ment 
[MF 2373] 
The expressions for the integrals in Hamilton’s aaa 

are given for the problem of lateral vibration of a beam| _ 
under a wide variety of conditions; for example, er aiine 
of elastic reactions of various types and of inelastic masses,) : 
discontinuous variation in thickness of the beam, forces) 
applied along the axis of the beam. Hamilton’s principle is) jp w) 
used to derive the differential equation and boundary con-9 secon 
ditions for the problem of the vibration of the circular plate F these 
under constant radial pressure at the boundary and with af Reta 
spring reaction at the center. The natural frequencies off} stres; 
vibration under the assumption of radial symmetry and§f g,; a 
clamped edges are determined by standard methods. equa’ 

J. J. Stoker (New York, N. Y.). 

Willers, Fr. A. Die erste Variation der Formanderungs-) Since 
arbeit ausgebeulter ebener Platten. Z. Angew. Math.) of th 
Mech. 20, 118-121 (1940). [MF 2594] 

Derivation of the differential equation and appropriate 
boundary conditions for various problems in bending of thin} 
plates. J. J. Stoker (New York, N. Y.). § ia 

Biot, Maurice A. The influence of initial stress on elastic pre 
waves. J. Appl. Phys. 11, 522-530 (1940). [MF 2603]) U2 
The author gives a critical summary of previous work Cwerts 

on the elastic theory of an initially stressed medium, in- mem 
cluding three papers of his own [Proc. Fifth Intern. Congr. 
Appl. Mech., 1938; Philos. Mag. (7) 27, 468 (1939); Ann.§ Webe 
Soc. Sci. Bruxelles 59, 104 (1939) ]in which he had developed§ Pre 
a general theory. He gives a lucid exposition of the simplify-§ Any; 
ing assumptions necessary to derive particular theories from} Thi 
his general theory. The following is the author’s abstract. half s 
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A rigorous treatment is given of the problem of wave 
propagation in an elastic continuum when the influence of 
the initial stress is taken into account. After a short review 
of the theory various cases of initial stress are considered. 
It is shown that a uniform hydrostatic pressure does not 
change the laws of propagation. A hydrostatic pressure 
gradient produces a buoyancy effect which causes coupling 
between rotational and dilatational waves. Bromwich’s 
equations for the effect of gravity on Rayleigh waves are 
derived from the general theory and the physical transition 
from Rayleigh waves in a very rigid medium to pure gravity 
waves in a liquid is discussed. The case of the vertical 
uniform stress is also considered and it is shown that the 
effect of the initial stress on the waves in this case cannot be 
accounted for by elastic anisotropy alone. Reflections may 
be produced by a discontinuity in stress without discon- 
tinuity of elastic properties. J. B. Macelwane. 

Biot, Maurice A. Elastizitaitstheorie zweiter Ordnung mit 
Anwendungen. Z. Angew. Math. Mech. 20, 89-99 

(1940). [MF 2590] 
In the classical infinitesimal elastic theory the compo- 

nents of the strain tensor are linear in the space derivatives 
of the displacement vector, the independent variables being 
the coordinates of the point in its unstrained state. In a 
second order or finite strain theory, second order terms in 

the derivatives are included and these may be referred to 
the coordinates of the point either in the unstrained or 
strained state. Murnaghan has considered the latter case. 
The author considers an elastic theory of second order not 

requiring an explicit formulation of the relation between 
the stresses and the deformation. The deformed length ele- 
ment 1s 

ds? = (8;;+2g;;)dxidx!, 
where the displacement tensor gi; contains second order 
terms in the strains e;; and the rotations w,;. By a linear 
transformation this element can be expressed by 

ds = (6;;+2h;;)dx‘dx', 

in which the pure deformation tensor /,;; contains all the 
second order strains ¢;; with no rotation terms. Comparing 
these strained elements the ¢;; are functions of ¢;; and «ij. 
Retaining all second order terms in ¢«;; and denoting the 
stress tensor on elements before deformation by 7;; and by 
o;; after deformation, the author derives the equilibrium 

equations by the variation 

bW= SS Srigvesd V. 

Since the tensors are Cartesian 14;=7‘i7;‘, etc., one form 
of the equilibrium equation is 

oe eo ee , ' 
+—(ri*w,!+$ri*e,'— 9 7r%e,/) +Xip=0. 

Ox? Ox? 

A special treatment is given for the superposition of 
} stresses such as is required to study the stability of an 

initially stressed strut. Another application is made to the 
twisting moment in the torsion of a prism under initial axial 
stress. D. L. Holl (Ames, Iowa). 

Weber, C. Zur Umwandlung von rotationssymmetrischen 
Problemen in zweidimensionale und umgekehrt. Z. 
Angew. Math. Mech. 20, 117-118 (1940). [MF 2593] 
This concerns the problem of the stresses in an elastic 

half space on the surface of which acts an axi-symmetrical 
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distribution of normal stress and no shear stress. It is shown 
how the solution of this may be derived from a plane-stress 
problem for the half space, the plane surface stress to be 
determined in a simple manner from the corresponding axi- 
symmetrical surface stress. E. Reissner. 

Weller, R., Shortley, G. H. and Fried, B. The solution 
of torsion problems by numerical integration of Pois- 
son’s equation. J. Appl. Phys. 11, 283-290 (1940). 
[MF 1676] 
The paper is a complement to previous ones by Shortley 

and Weller on Laplace’s equation [J. Appl. Phys. 9, 334-344 
(1938); J. Appl. Mech. 6 (1939) ]. In the same way as there, 
Poisson’s equation with given boundary values is replaced 
by a difference equation which, in its turn, is solved by a 
method of successive approximation due to Liebmann and 
based on Poincaré’s “méthode de balayage.” Also, the 
calculations and the criteria for convergence and rapidity of 
convergence are nearly the same as in Laplace’s equation. 
The authors apply this method to the special case of Pois- 
son’s equation which regulates the torsion of a cylindrical 
beam, that is, AY=const., and calculates two beams whose 

cross-sections are squares rounded off by circles. This ap- 
plication involves a double integration of the function y 
and the determination of its gradient at the boundary, for 
both of which processes numerical methods are devised. 

O. Blumenthal (Utrecht). 

Tolotti, Carlo. Sul calcolo delle molle Belleville o discoi- 

dali. Univ. Roma e Ist. Naz. Alta Mat. Rend. Mat. 

(5) 1, 65-83 (1940). [MF 2166] 
Stresses and deformations in a conical elastic shell are 

calculated for the case that along the two moment-free edges 
there are acting uniformly distributed forces in the direction 
of the axis of the cone. The analysis is made for two different 
assimptions concerning the elastic properties of the shell. 
(1) For an isotropic shell, where the method developed by 
H. Reissner [Mueller-Breslau Festschrift, 1912] and E. 
Meissner [Phys. Z. (1913) ] is applied. (2) For a shell of 
such an isotropy that it is elastic in circumferential direction 
and rigid in axial direction. For this second assumption the 
solution is obtained in terms of elementary functions and 
coincides with that for a circular ring acted upon by a uni- 
formly distributed torque about the center line of the ring. 

E. Reissner (Cambridge, Mass.). 

Green, A. E. General bi-harmonic analysis for a plate 
containing circular holes. Proc. Roy. Soc. London. Ser. 
A. 176, 121-139 (1940). [MF 2745] 
The problem of the distribution of stress in an infinite 

plate which contains circular holes of varying sizes in any 
position is reduced to the problem of the solution of systems 
of infinitely many linear equations for an infinite number of 
unknowns. This is accomplished by assuming the solution 
of the bi-harmonic equation V?V?x =0 in the form 

Xx=xot)d (*Ao log r,+'Bol,) 
sal 

+5 E(‘A afs* cos n0,+*B,r,—" sin n6,) 
s=1 n=1 

+5 r r.-"(*C, cos (n+2)0,4+'D, sin (m+2)6,), 
s=1 n=0 

with xo for the solution for the plate without holes, r, and 

6, plane polar coordinates having their poles at the center 
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O, of the s-st circle and the A, B, C, D constants to be deter- 
mined from the boundary conditions. The author states that 
the method is applicable only when the radii of the holes 
are sufficiently small in comparison with the distances be- 
tween the centers. The following specific example is con- 
sidered : Three equal holes of radius r; having their centers 

on a straight line, the centers of the two outer circles having 

the same distance h from the center of the inner circle. It is 
stated (proof deposited in the archives of the Royal Society) 
that r,/h<.255 ensures convergence. Numerical calculations 
have been carried out for r;/h=.15 with the expected result 
that the stress at the edge of one hole is practically not 
influenced by the presence of the two other holes. The com- 
putations involved appear to be heavy. E. Reissner. 

Tripp, R. H. and Holl, D. L. Stresses in an orthotropic 
elastic layer. Iowa State Coll. J. Sci. 14, 295-303 (1940). 

[MF 2657 ] 
Solutions in Fourier integral form are derived for the 

following plane strain problems for an orthotropic material : 
A thick plate is acted upon on one side by prescribed normal 
stress and no shear (y=h; o,=q(x), tzy=T2y=0) and rests 

on a rigid foundation which is either “rough” (y=0; 

u=v=w=0) or “smooth” (y=0; v=0, r.,=7.,=0). Airy’s 

stress function satisfies the equation @ser2+ (1+) obsey 

+ dyyyy= 0, where « is given in terms of the elastic constants. 

The solution of the differential equation is found by as- 
suming 

@ 

o -{ f(y, a, x) cos ax da. 
0 

E. Reissner (Cambridge, Mass.). 

Reissner, Eric. Note on the problem of the distribution 
of stress in a thin stiffened elastic sheet. Proc. Nat. 
Acad. Sci. U. S. A. 26, 300-305 (1940). [MF 2287] 

A linear integral equation for the solution of the following 
problem in elasticity is derived: A thin straight strip (the 
stiffener) is inserted in a slot perpendicular to the edge of 
an infinite elastic half plane and considered to be welded 
to the half plane. The shear stress developed between the 
stiffener and the half plane when a concentrated force is 
applied along and at the end of the stiffener is to be found. 
The integral equation, the kernel of which has a bad singu- 
larity, is not solved, but some plausibility considerations 
indicate that its solution exists and is unique and that 
infinite stresses in the half plane may be avoided through 
the use of such stiffeners. J. J. Stoker, Jr. 

Despujols, Pierre. Sur les réactions élastiques des ter- 
rains. C. R. Acad. Sci. Paris 210, 206-208 (1940). 
[MF 1635] 
In a previous paper [C. R. Acad. Sci. Paris 209, 549-551 

(1939); these Rev. 1, 121] the author has considered the 
earth as homogeneous and isotropic subject only to exterior 
forces. Taking the y-axis vertical and reducing the problem 
to two dimensions, the usual differential equations for the 
displacements u and v are 

(A+4) (setVzy) +u(UsetUyy) =0, 
(A+) (UsytVyy) +p (V22t+Vyy) = (). 

In this paper the author applies these equations to the case 
of a beam of infinite dimensions resting on supports at 
regular intervals. The method is to use analogies with the 

logarithmic potential in order to obtain particular solutions 
and then to effect a linear combination of these which satis- 
fies the boundary conditions. The boundary conditions are 
not stated. E. W. Titt (Hyattsville, Md.). 

Yosiyama, Ryoiti. Elastic waves from a point in an iso- 
tropic heterogereous sphere. II. Bull. Earthquake Res, 
Inst. Tokyo 18, 41-56 (1940). (English. Japanese sum- 
mary) [MF 2644] 
The author resumes his earlier investigations concerning 

the theory of heterogeneous elastic spheres [Bull. Earth- 
quake Res. Inst. Tokyo 11, 1-13 (1933) ]. In the earlier 
paper the known general equations of the problem were 
discussed and specialized for the case where p and yu are 

constants while \ is a certain biquadratic function of the 
distance r from the center of symmetry (p=density, A, # 
Lamé’s elastic constants). In the present paper a somewhat) 
different special case is investigated. First the simplifica- 
tions in the general equations of the problem following from 
the assumption yp (rigidity) =0 are studied. The further re- 
stricting assumption 

—=(a—br’)?, 
p 

a and b constants, 

makes it possible to integrate the equations of motion for 
certain types of disturbances. The author carries this out 
with the aid of certain functions which, for }>=0, go over 

into Hankel’s cylindrical functions. 
The author considers the case investigated in the present 

paper significant for the study of certain waves in the earth 
core as well as of sound-waves in the atmosphere. This latte 
claim is however, as a simple consideration shows, unjus- 
tified. P. Nemenyi (Iowa City, Iowa). 

Sezawa, Katsutada and Kanai, Kiyoshi. The formation of 
boundary waves at the surface of a discontinuity within 
the earth’s crust. II. Bull. Earthquake Res. InstJ 
Tokyo 17, 539-547 (1939). (English. Japanese sum? 
mary) [MF 2495] 
The present paper is a sequel to an earlier communicatio 

by the same authors [Bull. Earthquake Res. Inst. Tokyo 
16, 504-526 (1938) ] in which they discussed in two dimen 
sions the formation of elastic boundary waves at the inter 
face between two solid media in welded contact when elasti¢ 
body waves are incident upon it. In this second paper the 
authors extend their previous analysis to three dimensions 
using cylindrical coordinates. J. B. Macelwane. 

Dix, C. H. Derivatives of travel-time curves. Bull. Seis 
mol. Soc. America 30, 25—26 (1940). [MF 2173] 
The author discusses the validity of the Wiechert 

Herglotz integral equation method of determining the path 
of a seismic ray in the earth in the limiting case when the 
origin is at the surface. He concludes that, if the velocity of 
propagation is a function only of the distance from the 
center of the earth such that its derivative with respect td 
depth exists at the surface focus, then there are two cases 
If the first derivative of the velocity with depth vanishes of 
is positive at the surface focus, then the second derivative 
vanishes as required. If, on the other hand, the first deriva 
tive is negative at the surface focus, then the second deriva 
tive will also vanish provided the first derivative exists and 
is finite and continuous in the immediate neighborhood o 
the focus. J. B. Macelwane (St. Louis, Mo.). 
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